SECTION 7.1

7.1 FExercises

INTRODUCING RATIONAL FUNCTIONS 615

In Exercises 1-14, perform each of the

following tasks for the given rational func-

tion.

i. Set up a coordinate system on a sheet
of graph paper. Label and scale each
axis.

ii. Use geometric transformations as in
Examples 10, 12, and 13 to draw the
graphs of each of the following ra-
tional functions. Draw the vertical
and horizontal asymptotes as dashed
lines and label each with its equa-
tion. You may use your calculator to
check your solution, but you should
be able to draw the rational function
without the use of a calculator.

iii. Use set-builder notation to describe
the domain and range of the given
rational function.

1. f(z)=-2/x

7. flx)=1/x—2
8. flx)=-1/z+4
9. f(x)=-2/z-5

12. f(z)=-1/(x+1)+5
13. f(z)=-2/(x—3)—4

14. f(z)=3/(x+5)—2

In Exercises 15-22, find all vertical as-
ymptotes, if any, of the graph of the given
function.

15 f@):_$i1_
16. ﬂ@:xi8+2
17. ﬂ@:—xiQ—G
18. ﬂ@:—xf4—5
19. f@):xi5+1
20. f@):—xig+2
21. ﬂ@:$18—9
22 f@p:fo—s

In Exercises 23-30, find all horizontal
asymptotes, if any, of the graph of the
given function.

23 f(x)—x_?_7—|-9
8
24. f(x) =7
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616 CHAPTER 7 RATIONAL FUNCTIONS

25. f(z) = 8 1 In Exercises 39-46, find the range of
T+5 the given function, and express your an-
g
9 swer in set notation.
26. f(x)=— +8
2
v 39. f(z) = +8
7 r—3
27. f(z) = -
4
vl 40. f(z) = +5
9 z—3
28. f(z)=— 1 +5 5
v 41. f(z) = — ~5
5 r—38
29. f(z) = -
T+ 2 2
42. = — 6
6 1) z+1 +
30. = -
= 43. flz)= —— 45
. )=
z+7
In Exercises 31-38, state the domain 3
of the given rational function using set- 44. f(r)=— 49
builder notation. r+3
4 4
— 45. = —
8L [(x)= —=+5 fl@) =
7 46. f(z) = — ° 49
32. f(z)=———F+1 Tz —4
33, flz)=—— 11
. )=
r—>5
5
34. = - -
fla) = -
35. f(2) = —— 42
. )=
x4+ 7
36. f(z) = ——— +4
’ = r—95
37. f(z) 1 +2
. T)=—
T+ 2
38. f(2) 2 49
. xT) =
z4+6
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SECTION 7.1 INTRODUCING RATIONAL FUNCTIONS

7.1 Solutions

1. Start with the graph of y = 1/x in (a). Multiplying by 2 produces the equation
y = 2/x and stretches the graph vertically by a factor of 2 as shown in (b). Multiplying
by —1 produces the equation y = —2/x and reflects the graph of y = 2/x in (b) over
the z-axis to produce the graph of y = —2/x in (c).

Projecting all the points of the graph in (c) onto the z-axis provides the domain:
D = {z: x # 0}. Projecting all the points on the graph in (c¢) onto the y-axis produces
the range: R ={y: y # 0}.

Y
104 104 104

r=0¥ r=0% =0V
(a) y = 1/z. (b) y = 2/z. (c)y = —2/a.

3. Start with the graph of y = 1/x in (a). Replacing x with  — 4 produces the
equation y = 1/(x — 4) and slides the graph of y = 1/x four units to the right to
produce the graph of y = 1/(z — 4) in (b)

Projecting all the points of the graph in (b) onto the z-axis provides the domain:
D = {xz : x # 4}. Projecting all the points on the graph in (b) onto the y-axis
produces the range: R = {y: y # 0}.

) )
104 104

> = <ol I 1 o
y
&

<< » U <
y=0 \\ 107 y=0 10
2r=0% vr=4
(a) y = 1/x. (b) y = 1/(z — 4).
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CHAPTER 7 RATIONAL FUNCTIONS

5. Start with the graph of y = 1/x in (a). Multiply by 2 to produce the equation
y = 2/x, which stretches the graph of y = 1/z vertically by a factor of 2. The graph
of y = 2/z is shown in (b). Finally, replacing x with = — 5 produces the equation
y = 2/(x — 5) and slides the graph of y = 2/x five units to the right to produce the
graph of y = 2/(z — 5) in (c).

Projecting all the points of the graph in (¢) onto the z-axis provides the domain:
D = {x: x # 5}. Projecting all the points on the graph in (c) onto the y-axis produces
the range: R = {y: y # 0}.

y y y
104 104 106
!
1
1
|
e :
40 07 4% 107 3% EeRe M
!
)
i
r=0V% r=0% v r=5H
(a) y = 1/x. (b)y = 2/x. (c)y =2/(x —5).

7. Start with the graph of y = 1/x in (a). Subtract 2 to produce the equation
y = 1/x — 2. This shifts the graph downward 2 units as shown in (b).

Projecting all the points of the graph in (b) onto the z-axis provides the domain:
D = {z : x # 0}. Projecting all the points on the graph in (b) onto the y-axis
produces the range: R = {y : y # —2}.

Yy Y
104 104
y;‘O j fOx T bQOm
y—‘—Q—j
7=0% x=0¥
(a) y = 1/x. (b)y =1/z — 2.
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SECTION 7.1 INTRODUCING RATIONAL FUNCTIONS

9. Start with the graph of y = 1/x in (a). Multiply by —2 to produce the equation
y = —2/x. This stretches the graph of y = 1/x vertically by a factor of 2, then reflects
the graph across the z-axis as shown in (b). Subtract 5 to produce the equqtion
y = —2/x — 5. This shifts the graph of y = —2/2 downward 5 units as shown in (c).

Projecting all the points of the graph in (¢) onto the z-axis provides the domain:
D = {x: x # 0}. Projecting all the points on the graph in (c) onto the y-axis produces
the range: R={y: y # —5}.

Y Y
10#

>

Y
104

104
4,0 j 10" v5o0 0" J 10"
y:;% ------- ;}:;:::L»

=0V =0V =01

(a) y = 1/z. (b) y = —2/z. (¢c)y =—2/x—5.

¥ 3

11. Start with the graph of y = 1/x in (a). Replace z with = — 2, then subtract 3 to
produce the equation y = 1/(z — 2) — 3. This will shift the graph 2 units to the right
and 3 units downward, as shown in (b).

Projecting all the points of the graph in (b) onto the z-axis provides the domain:
D = {xz : x # 2}. Projecting all the points on the graph in (b) onto the y-axis
produces the range: R = {y : y # —3}.

Y
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CHAPTER 7 RATIONAL FUNCTIONS

13. Start with the graph of y = 1/x in (a). Multiply by —2 to produce the equation
y = —2/x. This stretches the graph vertically by a factor of 2 then reflects the graph
across the x-axis, as shown in (b). Replace z with = — 3, then subtract 4 to produce
the equation y = —2/(x — 3) — 4. This will shift the graph of y = —2/x three units to
the right and 4 units downward, as shown in (c).

Projecting all the points of the graph in (¢) onto the z-axis provides the domain:
D = {x : x # 3}. Projecting all the points on the graph in (c) onto the y-axis produces
the range: R = {y: y # —4}.

Y Y
104

104
L » < J
10 y=0
y=—4 !
|
=0V V=0 v =3

(a) y = 1/z. (b) y = —2/a. (©) y=—2/(c—3) -4

15. The graph of f(z) = %H — 3 can be obtained from the graph of g(z) = X by (1)
a shift left of 1 unit, (2) a vertical stretch by a factor of 5, (3) a reflection about the
x-axis, and (4) a shift down of 3 units. Thus, the vertical asymptote z = 0 of the graph
of g(z) will also shift left 1 unit to form the vertical asymptote x = —1 of the graph of

f(z).

17. The graph of f(z) = wi” — 6 can be obtained from the graph of g(z) = 1 by (1)
a shift left of 2 units, (2) a vertical stretch by a factor of 9, (3) a reflection about the
x-axis, and (4) a shift down of 6 units. Thus, the vertical asymptote z = 0 of the graph
of g(z) will also shift left 2 units to form the vertical asymptote x = —2 of the graph

of f(x).

19. The graph of f(z) = a%ﬁ,) + 1 can be obtained from the graph of g(x) = % by (1)
a shift left of 5 units, (2) a vertical stretch by a factor of 2, and (3) a shift up of 1 unit.
Thus, the vertical asymptote = 0 of the graph of g(z) will also shift left 5 units to
form the vertical asymptote x = —5 of the graph of f(z).

21. The graph of f(z) = 718 — 9 can be obtained from the graph of g(z) = X by (1)
a shift left of 8 units, (2) a vertical stretch by a factor of 7, and (3) a shift down of
9 units. Thus, the vertical asymptote x = 0 of the graph of g(z) will also shift left 8
units to form the vertical asymptote = —8 of the graph of f(z).
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SECTION 7.1 INTRODUCING RATIONAL FUNCTIONS

23. The graph of f(z) = a%r? +9 can be obtained from the graph of g(z) = 2 by (1) a
shift left of 7 units, (2) a vertical stretch by a factor of 5, and (3) a shift up of 9 units.
Thus, the horizontal asymptote y = 0 of the graph of g(x) will also shift up 9 units to

form the horizontal asymptote y = 9 of the graph of f(x).

25. The graph of f(z) = 3%5 — 1 can be obtained from the graph of g(z) = I by (1)
a shift left of 5 units, (2) a vertical stretch by a factor of 8, and (3) a shift down of 1
unit. Thus, the horizontal asymptote y = 0 of the graph of g(x) will also shift down 1

unit to form the horizontal asymptote y = —1 of the graph of f(x).

27. The graph of f(z) = ILH — 9 can be obtained from the graph of g(z) = % by (1)
a shift left of 1 unit, (2) a vertical stretch by a factor of 7, and (3) a shift down of 9
units. Thus, the horizontal asymptote y = 0 of the graph of g(z) will also shift down
9 units to form the horizontal asymptote y = —9 of the graph of f(x).

29. The graph of f(z) = xi“ — 4 can be obtained from the graph of g(z) = X by (1)
a shift left of 2 units, (2) a vertical stretch by a factor of 5, and (3) a shift down of 4
units. Thus, the horizontal asymptote y = 0 of the graph of g(x) will also shift down

4 units to form the horizontal asymptote y = —4 of the graph of f(z).

31. An input of x = —5 would cause division by zero. Therefore, —5 is not in the
domain. All other possible inputs are valid.

33. An input of x = 5 would cause division by zero. Therefore, 5 is not in the domain.
All other possible inputs are valid.

35. An input of x = —7 would cause division by zero. Therefore, —7 is not in the
domain. All other possible inputs are valid.

37. An input of x = —2 would cause division by zero. Therefore, —2 is not in the
domain. All other possible inputs are valid.

39. The graph of f(z) = %_3 + 8 can be obtained from the graph of g(x) = % by
(1) a shift right of 3 units, (2) a vertical stretch by a factor of 2, and (3) a shift up
of 8 units. Thus, the horizontal asymptote y = 0 of the graph of g(x) will also shift
up 8 units to form the horizontal asymptote y = 8 of the graph of f(z). Similarly,
Range(g) = {y : y # 0} will shift vertically to form Range(f) = {y : y # 8}. The

values of the function will become close to 8 as x — +o0o, but never equal to 8.

41. The graph of f(x) = % — 5 can be obtained from the graph of g(x) = % by (1)
a shift right of 8 units, (2) a vertical stretch by a factor of 5, (3) a reflection about the
z-axis, and (4) a shift down of 5 units. Thus, the horizontal asymptote y = 0 of the
graph of g(x) will also shift down 5 units to form the horizontal asymptote y = —5
of the graph of f(z). Similarly, Range(g) = {y : y # 0} will shift vertically to form
Range(f) = {y : vy # —5}. The values of the function will become close to —5 as
r — to00, but never equal to —5.
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CHAPTER 7 RATIONAL FUNCTIONS

43. The graph of f(z) = xiw + 5 can be obtained from the graph of g(z) = 1 by
(1) a shift left of 7 units, (2) a vertical stretch by a factor of 7, and (3) a shift up
of 5 units. Thus, the horizontal asymptote y = 0 of the graph of g(x) will also shift
up 5 units to form the horizontal asymptote y = 5 of the graph of f(z). Similarly,
Range(g) = {y : y # 0} will shift vertically to form Range(f) = {y : y # 5}. The
values of the function will become close to 5 as x — £oo, but never equal to 5.

45. The graph of f(z) = xi% — 2 can be obtained from the graph of g(x) = % by
(1) a shift left of 3 units, (2) a vertical stretch by a factor of 4, and (3) a shift down
of 2 units. Thus, the horizontal asymptote y = 0 of the graph of g(x) will also shift
down 2 units to form the horizontal asymptote y = —2 of the graph of f(z). Similarly,
Range(g) = {y : y # 0} will shift vertically to form Range(f) = {y : y # —2}. The

values of the function will become close to —2 as x — £o00, but never equal to —2.
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SECTION 7.2 REDUCING RATIONAL FUNCTIONS 633

7.2 FExercises

In Exercises 1-12, reduce each rational
number to lowest terms by applying the
following steps:

i. Prime factor both numerator and de-
nominator.

ii. Cancel common prime factors.

iii. Simplify the numerator and denomi-
nator of the result.

p W7
T 98
0 3087
T 245
3 1715
T 196
. 2
50
. 1715
o441
6. 2
Y
108
7. —
189
s 1
" 500
g, 100
o928
98
10. —
0 147
1125
11. —=
175
3087
12. —
8575

In Exercises 13-18, reduce the given ex-
pression to lowest terms. State all re-
strictions.

13, 22 —10x + 9
S5 — 5
2 _
14. T 9z + 20
2 —z—20
22 —2x—35
15, ————
2 —Tx
2 _
16. T 15z + 54
2+ 7 -8
17, % + 22 — 63
2 4+ 13z + 42
2
18. 2+ 13x + 42
9x + 63

In Exercises 19-24, negate any two parts
of the fraction, then factor (if necessary)
and cancel common factors to reduce the
rational expression to lowest terms. State
all restrictions.

T+ 2
19.
—x —2
4—x
20.
xr—4
Qe —
91, 2270
33—z
12
29, 3r +
—x—4
23. 322 + 6x
-z —2

! Copyrighted material. See: http://msenux.redwoods.edu/Int AlgText/
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634 CHAPTER 7 RATIONAL FUNCTIONS

8x — 212
r—4

24.

In Exercises 25-38, reduce each of the

given rational expressions to lowest terms.

State all restrictions.

x2 —x—20
25, ———
25 — 22
x — 12
26, ———
2 —-3x+2
2 _
o7, x° + 3x — 28
x2 4+ 5z — 36
2
28, ¢+ 10+ 9
2 4+ 15z + 54
x2 —x — 56
29, ——
S8r — 22
2 _
30. T Tx 4+ 10
5z — 22
- 2% + 13z + 42
x2 — 2 — 63
22— 16
32, ————
22—z —12
22 —9x+ 14
33, ——MM
49 — g2
2+ To + 12
34, ——
9 — g2
2 _ _
35, T 3r — 18
2 —6x+5
22+ 5z —6
36, ——M—
2 -1
2 _ _
37 T 3z — 10
-9z — 18
38, 22 —6x+8
16 — 22

Version: Fall 2007

In Exercises 39-42, reduce each ratio-
nal function to lowest terms, and then
perform each of the following tasks.

i. Load the original rational expression
into Y1 and the reduced rational ex-
pression (your answer) into Y2 of your
graphing calculator.

ii. In TABLE SETUP, set TblStart equal
to zero, ATbl equal to 1, then make
sure both independent and dependent
variables are set to Auto. Select TA-
BLE and scroll with the up- and down-
arrows on your calculator until the
smallest restriction is in view. Copy
both columns of the table onto your
homework paper, showing the agree-
ment between Y1 and Y2 and what
happens at all restrictions.

2 _
39. T 8xr+ 7
2 — 11z + 28
2 _
40. x 5%
2 -9z
2
41. _Sr—a”
2 — 1z —56
2
1
49, %+ 13x + 40
—2x — 16

Given f(x) = 2z + 5, simplify each of

the expressions in Exercises 43-46. Be

sure to reduce your answer to lowest terms
and state any restrictions.

f(z) = f(3)
43. 3
. F@) =50
r—6
5. 101
fla+h)— f(a)
46. b



SECTION 7.2 REDUCING RATIONAL FUNCTIONS 635

Given f(x) = x? + 2z, simplify each of

the expressions in Exercises 47-50. Be

sure to reduce your answer to lowest terms
and state any restrictions.

FREICES (U
P CES(0
fla+h) - f(a)
49. A
Ja+h) = f()
50. N

Drill for Skill. In Exercises 51-54,
evaluate the given function at the given
expression and simplify your answer.

51. Suppose that f is the function
z—06
flz) =

C8r+ T
Evaluate f(—3x + 2) and simplify your
answer.

52. Suppose that f is the function
5T + 3
flz) =

Tz +6
Evaluate f(—5x + 1) and simplify your
answer.

53. Suppose that f is the function

3 — 6
f@):—ﬁw

Evaluate f(—x—3) and simplify your an-
swer.

54. Suppose that f is the function
4r — 1
flz) =

2w -4
Evaluate f(5x) and simplify your answer.
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CHAPTER 7 RATIONAL FUNCTIONS

7.2 Solutions

1.
ur _3.7-7_3_3
9% 277 2 2
3.
1715 5-7-7-7 5-7 35
196 2-2-7-7 2.2 4
5.
1715 5-7-7-7 5-7 35
441 3-3-7-7 3-3 9
7.
108 2-2-3-3-3 2-2 4
189  3-3-3-7 T 7
9.
100 2-2-5-5 5-5 25
28 2-2-7 T 7
11.
1125 3-3-5-5-5 3-3-5 45
175 5-5-7 7T 7
13.
22 -10x+9 (z—1)(z—-9) x-9
50 —5  5(zx—1) 5
provided = # 1
15.
2?—2x-35 (z—T)(x+5) x+5
227 x(z—7) x

provided z #£ 0, 7

Version: Fall 2007
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SECTION 7.2 REDUCING RATIONAL FUNCTIONS

17.

2? 422 -63  (x—T7)(x+9)
24132 +42  (2+7)(x+6)

provided z # —7, —6, and this expression does not simplify any further.

19. Negate the denominator and the fraction bar.

T+ 2 _ :Jc—|—2_

= =1
—r—2 T+ 2

This result is valid provided x # —2.

21. Negate the denominator and the fraction bar.
22 — 6 20 — 6

3—x  x-3

Factor, then cancel.

x—3 z—3
This result is valid provided x # 3.

20-6 _ 2(x-3) __2M__2
=3

23. Negate the denominator and the fraction bar.

322 + 62 B 322 + 62

—r—2  z+2
Factor, then cancel.
2
3z +6x:_3x(x+2):_3xM:_3x )
T+ 2 T+ 2 7

This result is valid provided = # —2.

25.
mz—x—20_7w2—x—20_ (z—=5)(z+4)  x+4

25 —22  x2-25  (z—-5)(x+5)  x+5

provided = # —5, 5

27.

2?4320 —-28 (z—4)(z+7) x+7
r24+52—-36 (x—4)(z+9) 2+9’

provided = # 4, —9
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CHAPTER 7 RATIONAL FUNCTIONS

29.

B —x =56 2 -x-5  (z-8)(=+T7)  x+7
8r — a2 2 —8r v(r—8) z

provided z # 0, 8

31.

>+ 132442  (x+7)(x+6) z+6
222 -63 (2+T)(z—-9) z-9

provided z # —7, 9

33.
-9z +14 22 —92+14  (z—T7)(z—2) x—2

49 -2 2249 (x—T)(x+7) 47
provided = #£ 7, —7

35.

2?3z —-18 (z—6)(z+3)
r2—6z+5 (r—1)(z—5)

provided = # 1, 5, and this expression does not simplify any further.

37.
2 —3z-10 (z+2)(z—-5) x-5

—9r—18  -9(z+2) 9

provided x # —2

39.

provided z # 7, 4

Y1 [Y2
-2 -2
Err:|Err:

2.5 12.5
Err: |2
1.75|1.75

OO\]OJU‘)-&CO%
=~
=
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SECTION 7.2 REDUCING RATIONAL FUNCTIONS

41.

8x — 12 _ x? — 8x _
22 —x—56  a2—x—56

z(z —8) x

T @—8)x+7)  z+T

provided = # —7, 8

X|Y1 Y2

-8|-8 -8

-7|Err: Err:

-6|6 6

-5(2.5 2.5
-411.33333 |1.33333
-310.75 0.75
-2/10.4 0.4
-110.166667 |0.166667
01|-0 -0

1 [-0.125 -0.125

2 [-0.222222|-0.222222
3 1-0.3 -0.3

4 1-0.363636|-0.363636
5 [-0.416667|-0.416667
6 [-0.461538|-0.461538
7 1-0.5 -0.5

8 |Err: -0.533333
9 [-0.5625 |-0.5625
43.

provided = # 3.

f(x) = F3)

(22 +5) — (2(3) + 5)

r—3
20 — 6
r—3

2(x —3)

T —3
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CHAPTER 7 RATIONAL FUNCTIONS

45.
flz) = fla) _ (22+5) —(2(a) +5)
r—a r—3
_ 2x — 2a
_ 2(;v_— a)
= 2,

provided z # a.

47.
fl@) = f(1) _ (2® +22) — ((1)2 +2(1))
rz—1 r—1
_1’2—|—2£L'—3
—
_ (x+3)(x—1)
r—1
=z + 3,

provided z # 1.

49.

fla+h) = fla) _ [(a+h)*+2(a+h)] - [a® + 2q]
h h
a? + 2ah + h% + 2a + 2h — a®? — 2a
h

_ 2ah+h* +2h

h
h(2a 4+ h +2)

h
=2a+h+2,

provided h # 0.

51. Substitute —3z + 2 for z in —2Z=% and simplify to get —o2+4

8x+7 24x—23"
53. Substitute —x — 3 for z in —ii;g and simplify to get —34‘21165.
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SECTION 7.3 GRAPHING RATIONAL FUNCTIONS 655

7.3 FExercises

For rational functions Exercises 1-20,
follow the Procedure for Graphing Ratio-
nal Functions in the narrative, perform-
ing each of the following tasks.

For rational functions Exercises 1-20,
perform each of the following tasks.

i.

ii.

10.

11.

12.

13.

14.

Set up a coordinate system on graph
paper. Label and scale each axis. Re-
member to draw all lines with a ruler.
Perform each of the nine steps listed
in the Procedure for Graphing Ratio-
nal Functions in the narrative.

flz) = (z=3)/(x+2)

flz) = (x+2)/(x—4)

fl@) = (6 —x)/(x+1)

fl@) = (x+2)/(4 - x)

flx) =2z =5)/(x+1)

flz) = (22 +5/(3 - z)

f(z)=(z+2)/(z* — 22— 3)

flz) = (z = 3)/(2® = 3z — 4)

f)=(z+1)/(z*+z-2)
fl@)=(z-1)/(a* -2 -2)
f(z) = (22 —22)/(2* + = — 2)
f(z) = (2% —22) /(2% — 22 — 8)
flz) = (222 —22—4)/(2* —2 —12)

f(z) = (82 — 22%)/(2* — x — 6)

15.

16.

17.

18.

19.

20.

f(x) = (z —3)/(2® — 5z + 6)

flz) = (22 - 4)/(z* —2 - 2)

f(z) = (222 — 2 —6)/(z* — 22)
f(z) = (222 — 2 —6)/(z* — 22)
f(x) = (4422 —222) /(2% + 42+ 3)

f(x) = (322 — 62 — 9)/(1 — 2?)

In Exercises 21-28, find the coordinates
of the z-intercept(s) of the graph of the
given rational function.

22.

23.

24.

25.

26.

27.

28.

o) = oo
fla) =

o) =
R
s

! Copyrighted material. See: http://msenux.redwoods.edu/Int AlgText/
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In Exercises 29-36, find the equations
of all vertical asymptotes.

29.

30.

31.

32.

33.

34.

35.

36.

fa) =

flay = =LA
oy = s
) = x? ;xlixx—g 18
flay =Tl
o) = S B
o) = e
fa) = w

In Exercises 37-42, use a graphing cal-
culator to determine the behavior of the
given rational function as x approaches

both positive and negative infinity by per-

forming the following tasks:

i.

ii.

iii.

iv.

Load the rational function into the Y=
menu of your calculator.

Use the TABLE feature of your calcula-
tor to determine the value of f(x) for
x = 10, 100, 1000, and 10000. Record
these results on your homework in ta-
ble form.

Use the TABLE feature of your calcula-
tor to determine the value of f(x) for
x = —10, —100, —1000, and —10000.
Record these results on your home-
work in table form.

Use the results of your tabular explo-
ration to determine the equation of

Version: Fall 2007
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37.

38.

39.

40.

41.

42.

the horizontal asymptote.
f(z) = 2z +3)/(x - 8)
flz) = (4=32)/(x+2)
flx) = (4—a2) /(2% + 4z + 3)
f(z) = (10 — 22%) /(2 — 4)
f(z) = (2? —22-3)/(22% — 32— 2)

f(x) = (222 = 32 —5)/(2* — 2 — 6)

In Exercises 43-48, use a purely ana-
lytical method to determine the domain
of the given rational function. Describe
the domain using set-builder notation.

43.

44.

45.

46.

47.

48.

o) =T
fla) = et
oy = L
o=
e
o) =



SECTION 7.3 GRAPHING RATIONAL FUNCTIONS

7.3 Solutions

1. Step 1: The numerator and denominator of

z—3
€Tr) =
/(@) T +2
are already factored.
Step 2: Note that © = —2 makes the denominator zero and is a restriction.

Step 3: The number z = 3 will make the numerator of the rational function f(z) =
(x —3)/(x+2) equal to zero without making the denominator equal to zero (it is not a
restriction). Hence, z = 3 is a zero and (3,0) will be an z-intercept of the graph of f.

Step 4: Since f is already reduced to lowest terms, we note that the restriction x = —2
will place a vertical asymptote in the graph of f with equation z = —2.

Step 5: We will calculate and plot two points, one on each side of the vertical asymp-
tote: (—1,—4) and (—3,6).

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.

Flotl Flokz Flot: & Y # Rl
SMARCHE=3 0 (2D 10 EA3:Z -10 | 1.625
x$a=l 1m0 | 3503 s
=M= . Hﬁ .
~Nly=
~MNe=
~NE=
M= n= =

(a) (b) (c)
Thus, the line y = 1 is a horizontal asymptote.

Step 7: Putting all of this information together allows us to draw the following graph.

Yy
04

GO 10"

v

Step 8: The restrictions of the reduced form are the same as the restrictions of the
original form. Hence, there are no “holes” in the graph.
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Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images.

Flokl Floke Flokz IHEII:Il_lJ
W BR300+ Amin=-16
~HezB1 Amax=18
~Nz=l necl=1 e e e
~My= Ymin=-1H -
~Me= Ymax=18
~ME= Yscl=1
wMe= ares=1
(a) (b) (c)
3. Step 1: The numerator and denominator of
5—x
J(@) = r+1
are already factored.
Step 2: Note that © = —1 makes the denominator zero and is a restriction.

Step 3: Note that the number x = 5 will make the numerator of the rational function
f(z) = (5 —2x)/(x + 1) equal to zero without making the denominator equal to zero
(it is not a restriction). Hence, z = 5 is a zero and (5,0) will be an z-intercept of the
graph of f.

Step 4: Since f is already reduced to lowest terms, we note that the restriction r = —1
will place a vertical asymptote in the graph of f with equation z = —1.

Step 5: We will calculate and plot two points, one on each side of the vertical asymp-
tote: (—2,—7) and (0,5).

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.

Flotl Flatz Flot: " Yy & N
B CS—R o TEEL D 10 - 4E4E T -1.667
=N 100 '.E;EE 100 -Hg%
we= | . .
wMy=
wNe=
wNE=
wNe= = =

(a) (b) (c)
Thus, the line y = —1 is a horizontal asymptote.

Step 7: Putting all of this information together allows us to draw the following graph.
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r=—1
Step 8: The restrictions of the reduced form are the same as the restrictions of the
original form. Hence, there are no “holes” in the graph.

Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images.

Flotl FlotZ FlokZ THOOL]

SMHBCS-Ha S CEEL D smin=-18

-%zE-1 mmax=14 L
~%z=1 wecl=1

=Ny= Ymin=-18
“We= Ymax=14
=NE= Y=cl=1
W= wrres=1

(a) (b) ()

5. Step 1: The numerator and denominator of

2¢ —5
€Tr) =
/(@) r+1
are already factored.
Step 2: Note that = —1 makes the denominator zero and is a restriction.

Step 3: Note that the number = 5/2 will make the numerator of the rational function
f(z) = (22 — 5)/(z + 1) equal to zero without making the denominator equal to zero
(it is not a restriction). Hence, x = 5/2 is a zero and (5/2,0) will be an z-intercept of
the graph of f.

Step 4: Since f is already reduced to lowest terms, we note that the restriction r = —1
will place a vertical asymptote in the graph of f with equation x = —1.

Step 5: We will calculate and plot two points, one on each side of the vertical asymp-
tote: (—2,9) and (0, —5).

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.
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Flotl Flokz Floks "
;¥1E{E*H—5}H{H+1 10

~Mz=1
“Na=
“My=
wHe=
wNWE= o= =

() (b) ()

Thus, the line y = 2 is a horizontal asymptote.

ot
inini |
Yok i et
=am
L]

Step 7: Putting all of this information together allows us to draw the following graph.

Y

P

>

......... B e

. i //’@/zo) 10"

r=—1

Step 8: The restrictions of the reduced form are the same as the restrictions of the
original form. Hence, there are no “holes” in the graph.

Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images.

Flokl Flotz Flots THOCLE

WM BRCZ2HE-0 0 CE] “min=-18

2 ARmax=18

~Ne B2 nscl=1 —_—

~Nz=l Ymin=-1H ff

~Hy= Ymax=18

~He= Y=col=1

“ME= sres=I

(a) (b) (c)
7. Step 1: Factor numerator and denominator to obtain
T+ 2
1o)==

Step 2: Note the restrictions are x = —1 and =z = 3.
Step 3: The number z = —2 will make the numerator of the rational function f(z) =

(x+2)/((z + 1)(x — 3)) equal to zero without making the denominator equal to zero
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(it is not a restriction). Hence, z = —2 is a zero and (—2,0) will be an z-intercept of
the graph of f.

Step 4: Since f is already reduced to lowest terms, we note that the restrictions x = —1
and z = 3 will place vertical asymptotes in the graph of f with equations z = —1 and
Tz =3.

Step 5: We will calculate and plot points, one on each side of the vertical asymptote:
(—1.5,0.2222), (0,—0.6667), and (4,1.2). These points are approximations, not exact.

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.

Flotl Flotz Flot: " 4 & N
SR CRFZ D (A2 10 AEERY -10 - 0GBY
*ﬁ—Si 100 .gﬂui -1 :.1-3Eﬂ_535
=M= :

N P i
“My=
wNe=
~ME= = M=
(a) (b) (c)

Thus, the line y = 0 is a horizontal asymptote.

Step 7: Putting all of this information together allows us to draw the following graph.

Yy
1Q4

- (_2?0) L
y=0 ’

! J
8

z=—1%y =3

Step 8: The restrictions of the reduced form are the same as the restrictions of the
original form. Hence, there are no “holes” in the graph.

Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images. Note that the image in (c) is not very good, but it is
enough to convince us that our work above is reasonable.

Fletl Flotz Flots THOGL
SMMABCEFZ A0 0RFL D wmin=-1A
S 18 Urmaxn=10 k
YAt Wecl=1 i
~%z=1 Ymin=-18 F
~Ny= Yma==14
=He= Y=cl=1
“NE= wrres=1

(a) (b) (c)
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9. Step 1: Factor numerator and denominator to obtain

fz) =

r+1
(x+2)(x—1)

Step 2: The restrictions are x = —2 and =z = 1.

Step 3: The number z = —1 will make the numerator of the rational function f(z) =
(x+1)/((z + 2)(x — 1)) equal to zero without making the denominator equal to zero
(it is not a restriction). Hence, z = —1 is a zero and (—1,0) will be an z-intercept of
the graph of f.

Step 4: Since f is already reduced to lowest terms, we note that the restrictions z = —2
and z = 1 will place vertical asymptotes in the graph of f with equations z = —2 and
rz=1.

Step 5: We will calculate and plot points, one on each side of the vertical asymptote:
(—=3,-0.5), (0,—-0.5), and (2,0.75). These points are approximations, not exact.

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.

Flotl Flotz FIots b t P '
WMUBRCEAL DSR2 10 10185 -10 ETE
- 100 it -ton | -l

xﬁi:l % and % - ool
M=
~Hy=
~Ne=
wWeE= = =

(a) (b) (c)

Thus, a horizontal asymptote is the line y = 0.

Step 7: Putting all of this information together allows us to draw the following graph.

8

A 4
r=-—2 =1

Step 8: The restrictions of the reduced form are the same as the restrictions of the
original form. Hence, there are no “holes” in the graph.
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Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images. Note that the image in (c) is not very good, but it is
enough to convince us that our work above is reasonable.

Flotl Flotz Flots THOOL

SRR+ DA CE+E Amin=-1A

40 H—1 Ymax=18 L

NV Wecl=1 N |

~Nz=l Ymin=-1H 1k

~Nly= Yrmax=18

~Ne= Y=cl=1

~NE= Ares=0

(a) (b) (c)
11. Step 1: Factor numerator and denominator to obtain
oz —2)
1@ = ey -1

Step 2: The restrictions are x = —2 and =z = 1.

Step 3: The numbers x = 0 and z = 2 will make the numerator of the rational function
f(z) =z(x—2)/((x +2)(z — 1)) equal to zero without making the denominator equal
to zero (they are not restrictions). Hence, z = 0 and = = 2 are zeros and (0,0) and
(2,0) will be a-intercepts of the graph of f.

Step 4: Since f is already reduced to lowest terms, we note that the restrictions z = —2
and x = 1 will place vertical asymptotes in the graph of f with equations x = —2 and
r=1.

Step 5: We will calculate and plot points, one on each side of the vertical asymptote:
(—3,3.75), (—1,—1.5), (0.5,0.6), and (1.5, —0.4286). These points are approximations,
not exact.

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.

Flotl Flotz Flats - K & 4
Nl - LYl o g s 10 THOFY -10 1.3636
T 100 .E;gqs 100 Hggg
~%z=1 % . ﬂ .
“Nz=
~MNy=
~Ne=
~ME= P = =

(a) (b) (c)
Thus, the line y = 1 is a horizontal asymptote.

Step 7: Putting all of this information together allows us to draw the following graph.
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A 4
r=—2 x=1

Step 8: The restrictions of the reduced form are the same as the restrictions of the
original form. Hence, there are no “holes” in the graph.

Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images. Note that the image in (c) is not very good, but it is
enough to convince us that our work above is reasonable.

Flotl Flotz Flats THOGL]

AR ERCE=20 200 amin=-18

Ak E =120 amax=1a

~HezE1 necl=1 4
W= Ymin=-16 T
wHy= Ymax=1a

wWe= Yazl=1

~NE= wrres=1

(a) (b) (c)

13. Step 1: Factor.
2% -20-4 2@ -z-2) 2@-2)(z+1)

J@) = 1 T w12 (z —4)(x +3)

Step 2: The restrictions are x = 4 and z = —3.

Step 3: The numbers x = 2 and x = —1 will make the numerator of the rational
function f equal to zero without making the denominator equal to zero (they are not
restrictions). Hence, z = 2 and z = —1 are zeros and (2,0) and (—1,0) will be -
intercepts of the graph of f.

Step 4: Since f is already reduced to lowest terms, we note that the restrictions = = 4
and x = —3 will place vertical asymptotes in the graph of f with equations x = 4 and
= -3

Step 5: We will calculate and plot points, one on each side of the vertical asymptote:
(—4,4.5), (—2,—1.3333), (3,—1.3333), and (5,4.5). These points are approximations,
not exact.

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.
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T R T
=P — -
%EH;E—H—lE} o | E6ed o | E50d
=M=
s miiin
~Ny=
nHe=
~HE= = =

(a) (b) (c)

Thus, the line y = 2 is a horizontal asymptote.

Step 7: Putting all of this information together allows us to draw the following graph.

[}
[}
[}
[}
[}
[}
|
5
T
L}
L}
L}
L}
i
i
|
[}
)

A

r=-3
Step 8: The restrictions of the reduced form are the same as the restrictions of the
original form. Hence, there are no “holes” in the graph.

Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images.

Flotl Flotz Flats IO
MBSk E-2 0k B+ smin=-16
1220 CR—d 2k ¥+350 mmax=1a
2 necl=1
~WzB2 Ymin=-18 W
V==l Ymax=14
=Ny= Yel=1
~Ye= Ares=1
(a) (b) (c)
15. Step 1: Factor.
r—3 r—3

I = 56~ o3 —9)

Step 2: The restrictions are x = 3 and x = 2.

Step 3: There is no number that will make the numerator zero without making the
denominator zero. Hence, the function has no zeros and the graph has no z-intercept.

Step 4: Reduce, obtaining the new function
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Note that = = 2 is still a restriction of the reduced form, so the graph of f must have
vertical asymptote with equation x = 2. Note that £ = 3 is no longer a restriction of
the reduced form and will cause a “hole” in the graph, which we will deal with shortly.

Step 5: We will calculate and plot points, one on each side of the vertical asymptote:
(1,—1) and (4,0.5).

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.

Flotl Flotz Flats - K & 4
WM BRCE-30 08250 [T1o Az -in - 0BEE
EH ) 100 oz -1op | -lo0BE

Wiz = dait | -0 bt | 1€

wMr=
~hly=
“Me=
~NE= = A=

(a) (b) (c)

Thus, the line y = 0 is a horizontal asymptote.

Step 7: Putting all of this information together allows us to draw the following graph.

Y
o4

SRR EE e e
of
8

8

2

Step 8: Recall that we determined that the graph of f will have a “hole” at the
restriction x = 3. Use the reduced form g(z) = 1/(z —2) to compute the y-value of the
“hole.”

1 —
3-2
Hence, there will be a “hole” in the graph of f at (3,1).

9(3) = 1

Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images. Note that the image in (c) is not very good, but it is
enough to convince us that our work above is reasonable.
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Flokl Flotz Flak: THOGH

B E-F A E-F0 wmmin=-18
St mmax=14
~NzBA Ascl=1

~Nz= Ymin=-18
~Ny= Ymax=14
=He= Y=cl=1

“NE= wrres=1

(a) (b) (c)

17. Step 1: Factor,

222 —x—6 22+ 3)(x — 2
f(z) = 2 — 2z :( a—:za:)—(Q) )

Step 2: The restrictions are x = 0 and z = 2.

Step 3: The number z = —3/2 makes the numerator zero without making the denom-
inator zero (it is not a restriction). Hence, x = —3/2 is a zero of f and (—3/2,0) is an
x-intercept of the graph of f.

Step 4: Reduce to obtain the new function

20+ 3
g(w) =

x
Note that z = 0 is still a restriction of the reduced form, so the graph of f must have
vertical asymptote with equation = 0. Note that = 2 is no longer a restriction of
the reduced form. Hence the graph of f will have a “hole” at this restriction. We will
deal with this point in a moment.

Step 5: We will calculate and plot points, one on each side of the vertical asymptote:
(—1,-1) and (1,5).

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.

4 B S D) R L Lt
w0y E S L o W -
T M e |8 o | b

ﬁF. b £ 003 il | 19597
=M=
~Nly=
~Me=
“ME= = =

(a) (b) (c)

Thus, the line y = 2 is a horizontal asymptote.

Step 7: Putting all of this information together allows us to draw the following graph.
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Step 8: Recall that we determined that the graph of f will have a “hole” at the
restriction z = 2. Use the reduced form g(z) = (22 + 3)/x to determine the y-value of
the “hole.”

2(2)+3 7
2 = — = —
9(2) 5 5
Hence, there will be a “hole” in the graph of f at (2,7/2).

Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images.

Flokl Flotz Flots: THOGL
e ] - LA e S e wmin=-18
EANAT k=200 mmax=1a
~NeBZ Ascl=1 —
~Hz=1 Ymin=-18
~My= Yma==18
wHe= Y=cl=1
wNWE= wrres=1

(a) (b) (c)

19. Step 1: Factor.

r—222 202 -x- —2(x —2)(z
f(a:):4+2 2 2( 2) 2 —-2)(x+1)

2 4+4r+3 22+4x+3  (z+3)(z+1)

Step 2: The restrictions are x = —3 and x = —1.

Step 3: The number z = 2 makes the numerator zero without making the denominator
zero. Hence, © = 2 is a zero of f and (2,0) is an z-intercept of the graph of f.

Step 4: Reduce, obtaining the new function

—2(x —2)
g(x) = ————.
x+3
Note that x = —3 is still a restriction of the reduced form, so the graph of f must have
vertical asymptote with equation x = —3. Note that x = —1 is no longer a restriction

of the reduced form, so the graph of f will have a “hole” at this restriction. We will
deal with the coordinates of this point in a moment.
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Step 5: We will calculate and plot points, one on each side of the vertical asymptote:
(—4,—-12) and (—2,8).

Step 6: To find the horizontal asymptote, we use our calculator (see images (a), (b),
and (c) below) to determine the end-behavior of f.

PRI T A L
P = Db - . -
FHEHAE+4*H+33 ﬂu %ﬁ% -ﬂu -iﬁg

~Nz=l % -1.08 & -z

=Hr=

~Ny=
~Me=
~ME= = n=
(a) (b) (c)
Thus, the line y = —2 is a horizontal asymptote.

Step 7: Putting all of this information together allows us to draw the following graph.

Y
al0a

—
I
—_
w
=

A

S0 S S St S o X ISR U G A I[N DY DU S Ay S
[ [
Sy

<

8
|
|
w

Step 8: Recall that the graph of f will have a “hole” at the restriction z = —1. Use
the reduced form g(z) = (—2(z — 2))/(z + 3) to compute the y-value of the hole.

o=

Hence, there will be a “hole” in the graph of f at (—1,3).

=3

Step 9: We can use our graphing calculator to check our graph, as shown in the
following sequence of images.

Flotl Flotz Flot: THOOL]
SMABC -2 E-2 ks mmin=-18
sl R SN E e | mmax=14
A Ascl=1 -
=NezE-2 Ymin=-1@ I ——
~Wz=N Ymax=14
K= Yzel=1 _\\.
=Ne= wrres=1
(a) (b) (c)
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21. x-intercepts occur at values where the numerator of the function is zero, but the
denominator is not zero.

81 — 22 r? — 81 (z+9)(z—9)

22+102+9  224+100+9  (z+9)(z+1)

The numerator is zero at z = —9 and z = 9, and the denominator is zero at z = —9
and z = —1. Therefore, the only z-intercept occurs at x = 9.

23. x-intercepts occur at values where the numerator of the function is zero, but the
denominator is not zero.

?—x—12  (z+3)(x—4)

224+2:-3 (x+3)(x—1)

The numerator is zero at x+ = —3 and = = 4, and the denominator is zero at z = —3
and x = 1. Therefore, the only z-intercept occurs at x = 4.

25. x-intercepts occur at values where the numerator of the function is zero, but the
denominator is not zero.

6z — 18 6(z — 3)

2 —Tzx+12  (z—3)(x—4)

The numerator is zero at z = 3, and the denominator is zero at * = 3 and = = 4.
Therefore, there are no z-intercepts.

27. x-intercepts occur at values where the numerator of the function is zero, but the
denominator is not zero.
> —9z+14  (z—-2)(x—7)
r2—22x  x(r—2)

The numerator is zero at x = 2 and x = 7, and the denominator is zero at x = 2 and
x = 0. Therefore, the only z-intercept occurs at z = 7.

29. Vertical asymptotes occur where the simplified function is not defined.

2 —Tr  x(x-T7) x-7

22 -2 x(r—2) x-—2

so the line x = 2 is the only vertical asymptote.

31. Vertical asymptotes occur where the simplified function is not defined.

2?2 —6x+8 (z—4)(z—2) x-2

r2—-16  (z—4)(z+4) ax+4

so the line x = —4 is the only vertical asymptote.
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33. Vertical asymptotes occur where the simplified function is not defined.

?4+zx—-12  (z—3)(z+4) x+4

—4r+12  —4(x-3) 4

so there are no vertical asymptotes.

35. Vertical asymptotes occur where the simplified function is not defined.

16 — 22 > =16 (z+4)(z—4) x-4

2Tz +12 22+ Tr+12 (x+4)(x+3) x+3

so the line x = —3 is the only vertical asymptote.

37. Load the equation in (a), then determine the end-behavior in (b) and (c).

Flokl Flatz Flotbz - El = Yy
SYARC2HEAED A CH-8 [T1o 115 -1n _A4LYY
- R ML £
- 2: . .
~Nz=

~MNy=

~Ne=

=N E= = =

(a) (b) ()

Hence, the equation of the horizontal asymptote is y = 2.

39. Load the equation in (a), then determine the end-behavior in (b) and (c).

Flotl Flotz Flats = Y
WMIBC =2 a2 10 -
T P 100 -g
~Mz=l =
==
~Nly=
Ne=
~MNE= = =

(a) (b) (c)

Hence, the equation of the horizontal asymptote is y = —1.

& 4
3 -1 -1.EzY

41. Load the equation in (a), then determine the end-behavior in (b) and (c).

T T S
MF—E-T -
EEiH;E—MH—zn o | uenis o | S02EE
N E= . .
e i StTS
~Hy=

~Me=

nME= = =

(a) (b) ()
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Hence, the equation of the horizontal asymptote is y = 1/2.

43. The denominator factors as —9(z+1), so an input of z = —1 would cause division
by zero. Therefore, —1 is not in the domain. All other possible inputs are valid.

45. The denominator factors as xz(z — 3), so an input of z = 3 or z = 0 would cause
division by zero. Therefore, 3 and 0 are not in the domain. All other possible inputs
are valid.

47. The denominator factors as z(1 — x), so inputs of x = 0 or z = 1 would cause
division by zero. Therefore, 0 and 1 are not in the domain. All other possible inputs
are valid.
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7.4 Exercises

In Exercises 1-10, reduce the product 13.
to a single fraction in lowest terms. 24T 410 —9 4+ 10z — 22
1 108 6 z2 -1 22 4+ 9z + 20
" 14 100
14.
2 L5 § 2
r—4 224+6x+5
3 189 12
©56 27 15.
4. 43@ x? — bz _$2+11x+24
72 64 x2 4+ 2z — 48 22—z
5 15 28
" 36100 16.
2_qao_ 2
. 189 32 acz 6x 27.3324-13%4-42
© 19 o5 224+ 10x+24 2% —11x+ 18
.21 125 17.
100 16 v —a? 2 Ar+3
3 21 49 22 —92+48 22+4+4x+3
" 35 45
o 5698 18.
" 20 32 2 — 122 +35 45+ 4o — 22
2 _ T2 _
o7 4 4 +2xr—15 ax*+2x—30
125 12 19.
In Exercises 11-34, multiply and sim- T +2 ) a® + 2 — 56
plify. State all restrictions. T—x 22472+6
11. 20.
x+6 'x2—|—7m 2?2 —2x—15 22+ Tx
22+ 162 +63 x+4 2+ x2 + 122 + 27
12. 21.
2+ 9x 22 —x —20 22 -9 r—6
22 —25 —18 —1lz — 22 22 —4r —45 -3 —=x

! Copyrighted material. See: http://msenux.redwoods.edu/Int AlgText/
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

CHAPTER 7 RATIONAL FUNCTIONS

22— 12x + 27
r—4

r—5
x2 — 18z + 81

22— 2 —24
r+7

T+5
2 412z + 32

2 — 36 -8 —=
2+ 11lx+24 x+4

22 — 122 + 36
r—8

r—95
x2 —8x 4+ 12

22 —5xr—36 -5
r2 —81

r—1

22+ 2x—15 22 =Tz +10

22— 10z 4+ 16 322 + 13z — 10

5% + 14z — 3 Tz—17
z+9 2 4+ 10z + 21
z2—4 x? + 6z — 27

22+ 22 — 63 2 — 62 — 16

22+ 5z +6 x? — b
x? — 3z x2 4+ 9z + 18
z—1 2 — 81

22 £ 2 — 63 x4+4

Version: Fall 2007

32.

33.

34.

27 + 6z — 2
x2 — 5

2 4+ 9z
224+ 7x+ 12

5—x 2?43z —18
z+3 222 —-7x—-15

422 + 21z +5 22+ 11z +18
18 — Tx — x2 2 —25

In Exercises 35-58, divide and simplify.

State all restrictions.

35.

36.

37.

38.

39.

2% — 14z + 48
22 4+ 102 + 16

—24 + 11z — 22
22—z —72

r—1 . T +5
22 —14x +48 ~ 22 —3x — 18

2 —1 224+ 6x+5

22 —Tx+12  —24+ 10z — 22

22— 13z +42 2% — 2 —42
22 —-2r—63 " 22 +8x+7

522 + 23x — 10
x—3

2 —-25
z+1




40.

41.

42.

43.

44.

45.

46.

SECTION 7.4 PRODUCTS AND QUOTIENTS OF RATIONAL FUNCTIONS

2 — 3z
22 —T7x+6
2 — Az
312 — 11z — 42

22 4+ 102 + 21
r—4
z? + 3z
x4+ 8

22+ 8z + 15 22+ 11z + 30

22 — 14z +45 ~ —30+ 11z — 22

2 — 6x — 16
2+ —42
72 — 64
22 + 122 + 35

22432 +2
2 — 9z + 18

224+ T7r+6
x2 — 6x

22 4122 + 35
T+ 4
2?4+ 10z + 25
z+9

2 —8xr+7 N 2 —Tx
22 +3x—18 " 22462 —27

47.

48.

49.

50.

51.

52.

53.

54.

??+2x-30  —6-—x
2+5x—-36  x+8

20 — 2

z?2 — 152+ 54
2+
2 — 11z + 30

22— 948
C22-9
2 — 8z
—15 — 8 — 22

x+5 . T —2
22 +2c+1 " 22410249

z2—4

T+ 8
22 —10x + 16

z+3

27 — 6z — 22 2% — 122 + 27

22+ 92 4+20 22+ 5z

22+ 5246
2 — 36
x—1T
—6—x

2—z 2 +3z-10
r—5 " 22— 14z + 48

673
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55.
r+3
22 +4x — 12
r—4
22 — 36
56.

z+3 . T
2 —x—2 z2-3x—14

57.

22— 11x + 28

C72? — 307 + 8
22 +5x+6

2 —xz—6

58.
x—7
33—z
222 4+ 3z -5
x2 — 12z + 27

59. Let

22 —Tr+10
1@ = o
and

S5x — x2
z2 4+ 15z + 56

Compute f(z)/g(z) and simplify your an-
SWer.

g(z) =

60. Let

2 + 15z + 56
fl) = 2 —12—20
and

—7—x
9(z) = r+1

Compute f(z)/g(z) and simplify your an-
swer.

Version: Fall 2007
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61. Let

f(x)_a:2+12x+35
24 4r — 32

and
(@) 22 —2x—35
)= "——— "
g 2 + 8z
Compute f(z)/g(z) and simplify your an-
SWer.
62. Let
z?2+4x+3
and
() 22 —4x —21
)= "—"-"""
g T+5
Compute f(z)/g(z) and simplify your an-
swer.
63. Let
2 +x—20
floy = 5F2
and
r—1
9() = F 5 3

Compute f(x)g(x) and simplify your an-
swer.

64. Let

Fa) = 2? + 10z + 24
22— 137+ 42
and

(z) = 22 —6x—17
I = T 8r + 12

Compute f(x)g(x) and simplify your an-
swer.
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65. Let
T+5
floy= 2H2
and
(z) = 22+ 8x + 12
I\ = C 49
Compute f(x)g(z) and simplify your an-
Swer.
66. Let
8 — T — 12
fw) = 2 —8x—9
and
(2) 22 —6x—17
)= ——"—
g 22 —6s+5

Compute f(x)g(x) and simplify your an-
SWer.
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CHAPTER 7 RATIONAL FUNCTIONS

7.4 Solutions

1.
108 6 2-2-3-3-3 2-3  3-3-3-3 81
14 100 2.7 2.2.5.5 7.5.5 175
3.
189 12 3-3-3-7 2-2-3 3
56 27 2-2-2.7 3.3.3 2
5.
15 28 35 2:2-7 7 7
36 100 2-2-3-3 2-2-5.5 3-2.-2-5 60
7.
21 125 3.7 555 3-7-5 105
100 16 2-2-5-5 2-2.2.2 2.2.2.2.2.2 64
9.

56 98 2:2:2-7 2
20 32 2-2.5 2.2

77 T-T-T 343
£2.2.2  5.2.2.2 40

11. First factor the numerators and the denominators:

z+6 z(z+7)

(x+9)(x+7) x+4

Then cancel all common factors and multiply the two remaining fractions:

z(z + 6)
(x+9)(z+4)

Restricted values are —9, —7, and —4.

13. First multiply —9 + 10z — 22 by —1 and also negate the fraction:

22 4+T7x4+10 z2—-10z+9
2 —1 x2 4+ 9z + 20

Then factor the numerators and the denominators:

(z+2)(z+5) (z—1)(z—9)

(x—=1)(z+1) (x+4)(x+5)
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Finally, cancel all common factors and multiply the two remaining fractions:

(x+2)(x—9)
(x+1)(z+4)

Restricted values are 1, —1, —4, and —5.

15. First factor the numerators and the denominators:

z(x—5) (z+8)(z+3)
(x + 8)(x — 6) z(z—1)

Then cancel all common factors and multiply the two remaining fractions:

(x —5)(z+3)
(r—6)(x—1)

Restricted values are —8, 6, 1, and 0.

17. First multiply —2z — 22 by —1 and also negate the fraction:

2+ 22 —4x+3
22 —-92+8 2244+ 3

Then factor the numerators and the denominators:

x(x+1) . (x —1)(x —3)
(x—=1)(z—8) (x+3)(x+1)

Finally, cancel all common factors and multiply the two remaining fractions:
x(x —3)
(r —8)(x+3)

Restricted values are 1, 8, —3, and —1.

19. First multiply 7 — x by —1 and also negate the fraction:

_a:+2 2+ — 56
r—7 x224+7x+6

Then factor the numerators and the denominators:

w42 (x-T)(z+38)
x—T7 (z+1)(z+06)

Finally, cancel all common factors and multiply the two remaining fractions:

(x+2)(z+8)
(x+1)(x+6)

Restricted values are 7, —1, and —6.
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21. First multiply —3 — x by —1 and also negate the fraction:

x2—9 x—6
2 —4x—45 z+3

Then factor the numerators and the denominators:

_(x+3)($73)‘x—6
(x+5)(z—9) =+3

Finally, cancel all common factors and multiply the two remaining fractions:

(r —3)(x —6)
(x+5)(x—9)

Restricted values are —3, —5, and 9.

23. First factor the numerators and the denominators:

x+5 (r—6)(x+4)

(r+8)(z+4) x4+ 7

Then cancel all common factors and multiply the two remaining fractions:

(x+5)(z —6)
(x+8)(z+7)

Restricted values are —8, —4, and —7.

25. First factor the numerators and the denominators:

x—5 _(x—6)2
(x—=2)(x—6) x-—38

Then cancel all common factors and multiply the two remaining fractions:
(x —5)(z —6)
(x —2)(z —8)

Restricted values are 2, 6, and 8.

27. First factor the numerators and the denominators:

(x=3)(zx+5) (x—2)(z—05)

(x—=2)(z—8) (Bz—2)(x+5)

Then cancel all common factors and multiply the two remaining fractions:

(x —3)(z —b)
(3x —2)(x —8)

Restricted values are 2, 8, 2/3, and —5.
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29. First factor the numerators and the denominators:

(z-2)(z+2) (z+9)(z—3)
(x+9)(x—=T7) (z—8)(x+2)

Then cancel all common factors and multiply the two remaining fractions:

(r —2)(x—3)
(z=T)(z—8)

Restricted values are —9, 7, 8, and —2.

31. First factor the numerators and the denominators:

x—1 (x—9)(x+9)
(x —=T7)(x+9) x+4
Then cancel all common factors and multiply the two remaining fractions:
(x—=1)(z—9)
(x =T)(xz+4)

Restricted values are 7, —9, and —4.

33. First multiply 5 — z by —1 and also negate the fraction:

_:1:—5 22+ 3z —18
r+3 222—-7x—15

Then factor the numerators and the denominators:

=5 (z+6)(z—3)
r+3 (2z+3)(x—5)

Finally, cancel all common factors and multiply the two remaining fractions:

(z +6)(z — 3)
(22 + 3)(z + 3)

Restricted values are —3, —3/2, and 5.

35. First rewrite as a multiplication problem:

22— 14 +48 22 —x—1T2
22 +10x+16 —24+ 11z — 22

Then multiply —24 + 11z — 2% by —1 and also negate the fraction:

_3:2—14:E+48 22— —172
224+ 10c+16 22 —1lx+24

Then factor the numerators and the denominators:

(z—6)(z—8) (z+8)(z—9)
(z+8)(x+2) (z—3)(z—28)
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Finally, cancel all common factors and multiply the two remaining fractions:

(z —6)(z —9)
(z+2)(z —3)

Restricted values are —8, —2, 9, 3, and 8.

37. First rewrite as a multiplication problem:

z?—1 —24 4+ 10z — 22
2 —T7x+ 12 22 +6x+5

Then multiply —24 + 10z — 2% by —1 and also negate the fraction:

x?—1 x2 — 10z + 24
22— T7x+12 2246x+5

Then factor the numerators and the denominators:

(x—1)(z+1) ‘ (x —4)(z — 6)
(r—4)(x—=3) (z+5)(z+1)

Finally, cancel all common factors and multiply the two remaining fractions:

(r—1)(x —6)
(x —3)(z +5)

Restricted values are 4, 3, 6, —5, and —1.

39. First factor the numerators and the denominators, and rewrite as a multiplication
problem:
(x —5)(z+5) x—3

r+1 (5z — 2)(z + 5)

Then cancel all common factors and multiply the two remaining fractions:

(z —5)(z —3)
(5 —2)(x + 1)

Restricted values are —1, 2/5, —5, and 3.

41. First factor the numerators and the denominators, and rewrite as a multiplication
problem:

(x+T7)(x+3) x+38

x—4 z(z + 3)

Then cancel all common factors and multiply the two remaining fractions:

(x+T7)(x+8)
x(z —4)

Restricted values are 4, 0, —3, and —8.
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43. First factor the numerators and the denominators, and rewrite as a multiplication
problem:

(x+2)(x—8) . (x+7)(x+5)

(x4+7)(x—6) (x+8)(x—28)

Then cancel all common factors and multiply the two remaining fractions:
(z+2)(x+5)
(x —6)(z+8)

Restricted values are —7, 6, —5, —8, and 8.

45. First factor the numerators and the denominators, and rewrite as a multiplication
problem:

(x+7)(z+5) z+9

r+4 (x+5)2

Then cancel all common factors and multiply the two remaining fractions:

(z+7)(x+9)
(r+4)(x+5)

Restricted values are —4, —5, and —9.

47. First rewrite as a multiplication problem:

2+ —30 _ T+ 8
2245r—36 —6—=zx

Then multiply —6 — « by —1 and also negate the fraction:

_x2+x—30 .x+8
224+52—-36 z+6

Then factor the numerators and the denominators:

_(x+6)($—5)‘x+8
(x—4)(xz+9) =+6

Finally, cancel all common factors and multiply the two remaining fractions:

(x —5)(x+8)
(x —4)(x +9)

Restricted values are 4, —9, —8, and —6.
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49. First rewrite as a multiplication problem:

22 —9x+8 —15— 8z — z2
2 -9 x2 — 8z

Then multiply —15 — 8z — 22 by —1 and also negate the fraction:

22 -9 +8 z24+8x+15
2 -9 2 — 8z

Then factor the numerators and the denominators:

(x —1)(z —8) . (x 4+ 3)(x +5)

(x+3)(z —3) z(z —8)

Finally, cancel all common factors and multiply the two remaining fractions:

(x —1)(z +5)
z(x — 3)

Restricted values are —3, 3, —5, 0, and 8.

51. First factor the numerators and the denominators, and rewrite as a multiplication
problem:

(x+2)(z—2) xr+3
x+38 (x —8)(z —2)
Then cancel all common factors and multiply the two remaining fractions:
(r+2)(x+3)
(x+8)(z —8)

Restricted values are —8, 8, 2, and —3.

53. First rewrite as a multiplication problem:

22 +5c+6 —6—=zx
z2 — 36 A

Then multiply —6 — « by —1 and also negate the fraction:
22 +52x+6 z+6
z2 — 36 z—7
Then factor the numerators and the denominators:

(@+2)(@+3) z+6
(x—6)(x+6) -7

Finally, cancel all common factors and multiply the two remaining fractions:

(x 4+ 2)(z + 3)
(x—6)(x—T)

Restricted values are 6, —6, and 7.
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55. First factor the numerators and the denominators, and rewrite as a multiplication
problem:

x+3 (x —6)(x +6)
(x —2)(x + 6) xr—4
Then cancel all common factors and multiply the two remaining fractions:
(x+3)(z —6)
(r—2)(x—4)

Restricted values are 2, —6, 4, and 6.

57. First factor the numerators and the denominators, and rewrite as a multiplication
problem:
(x=T)(x—4) (x+2)(x—3)

(x+2)(x+3) (Tx—2)(x—4)

Then cancel all common factors and multiply the two remaining fractions:

(x—T7)(x—3)
(Tx —2)(x + 3)

Restricted values are —2, —3, 3, 2/7, and 4.

59.
f(x) 2> —Tzx+10 2%+ 152+ 56

g(z)  22+4x—21 bz —a?

First multiply 5z — 22 by —1 and also negate the fraction:

22— 7x+10 22+ 152+ 56
2 + 4 — 21 x2 — 5

Then factor the numerators and the denominators:

(z—=2)(z—-5) (z+T7)(z+38)
(x+7)(z—3) z(z —5)

Finally, cancel all common factors and multiply the two remaining fractions:

(x —2)(z+8)
x(x — 3)

Restricted values are —7, 3, —8, 0, and 5.

Version: Fall 2007



CHAPTER 7 RATIONAL FUNCTIONS

61.

fl@) 2?4122+ 35 2?2 + 8
g(z) 2244 -32 22-2x-35

Factor the numerators and the denominators:

(x+T7)(z+5) z(z + 8)

(x+8)(x—4) (x—T)(x+5)

Then cancel all common factors and multiply the two remaining fractions:

x(x+7)
(z—4)(z—7)

Restricted values are —8, 4, 0, 7, and —5.

63.

2+ — 20 r—1
First factor the numerators and the denominators:

(x —4)(z+5) r—1
x (x —=7)(z+5)

Then cancel all common factors and multiply the two remaining fractions:

(x—4)(z—1)

x(x—T7)

Restricted values are 0, 7, and —5.

65.

xr+5 2248z +12
—6—x x2 —49

f(x)g(x) =

First multiply —6 — x by —1 and also negate the fraction:

r+5 x24+8x+12
z+6 x2 — 49

Then factor the numerators and the denominators:

245 (246)(z+2)
r+6 (x+T7)(z—7)

Finally, cancel all common factors and multiply the two remaining fractions:

(x+5)(z+2)
(x4+T7)(x—T7)

Restricted values are —6, —7, and 7.
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7.5 FExercises

In Exercises 1-16, add or subtract the 14 92 1442 — 576
. . - . +
rational expressions, as indicated, and r—8 8—x
simplify your answer. State all restric- )
tons. 15, BP-12 15
z—3 3—x
Tx? — 492 42
1. + )
z—06 z—6 16 Tx 1122 — 441
T x—9 r—9
. 272 — 110 12
r =7 T-x In Exercises 17-34, add or subtract the
. N7 — 92 . 162 rfltio?zfxl expressions, ass tintdicaﬁed, ta@d
. 213 13 simplify your answer. State all restric-
tions.
2
4. 2x° — 28 _ 10x 17 3z N 15
T +2 T +2 22 —6x+5 a2 —14x +45
4z% — 8 56
5. + 18, 4 4
r—4 4d-u 22 —d4x 2?2 — 122+ 32
6. 42 36z — 56 10, Ox B 54
T —2 z—2 244 —12 224+20x+ 84
92 T2z — 63 4
7 + 20, 2% __ d
x—1 1—x 22 —25 224202+ 75
2
8. 5z +30 35w 21. 5r 3
x—6 x—6 22 —21x+98 Tz — a2
2 _ Tx 147
9 4 — 60x N 224 29, 4
r—7 r—7 Tr—x x4+ Tz — 98
Lo, B3®  63-30x 23. —rr 35
o _7 7 _g 22 —8x+15 22—-122x+35
322 48 — 30z o4, 02 12
L1. r—2 2_g2 x24+2x 22+ 62438
422 — 164 20 25. —9z 36
12. — 22— 122+ 32 2?2 —4x
r—6 6—x
S5z 20
922  8lx — 126 26. —
13. v 22— 122+ 32 4z — 22

r— 2 xr— 2

! Copyrighted material. See: http://msenux.redwoods.edu/Int AlgText/
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6x 42
27. —
2 -21z+98 Tr—zx2
—2x 4
28.
x2—3x—10+m2+11x+18
29. —9x _ 18
2 —6xr+8 22-22
6x 90
30.
5r — x2 +902—1-5:10—50
8x 120
31.
5z — 22 +902—1-5317—50
—bx 25
32.
22 + bx + 22 + 152 + 50
—5x 30
33.
24+ 2 —30 +x2+23x+102
34. 9z B 36
224+ 122+32 22+ 4x
35. Let
8x
@)= 2 +6x+8
and
16
9(w) = x2 + 2z

Compute f(x) — g(z) and simplify your
answer.

36. Let
—Tx
fla) = 2+ 8z + 12
and
( ) 42
r)=—
g 22 + 162 + 60

Compute f(x)+ g(x) and simplify your
answer.
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37. Let
11z
fl)= 2+ 122+ 32
and
44

Compute f(x)+ g(x) and simplify your
answer.

38. Let
8x
fl@) = 2 — 61
and
48
9(w) = 2 — 18z + 72

Compute f(x)+ g(x) and simplify your
answer.

39. Let
4x
fl@) = —"
and
4
9(*) = T3 2

Compute f(x)+ g(z) and simplify your
answer.

40. Let
5z
f(x>_$2—:x—12
and
()_L
T = 130 + 30

Compute f(x) — g(z) and simplify your
answer.
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7.5 Solutions

1. Provided x # 6,

7x2—49a;+ 42 Tz — 49z + 42
x—6 z—06 x—6
7(x? — Tx + 6)
z—6
7(x —6)(z — 1)
N z—6
=T7(x—-1)

3. Provided = # —3,

27x — 922 162 —922 + 272 + 162
+ =

x+3 z+3 xr+3
—9(2? — 3z — 18)

r+3
—9(x 4 3)(x — 6)

r—+3

= —-9(z — 6)

5. Provided z # 4,
4x2—8+ 56 _4x2—8 56
r—4 4—x r—4 r—4
422 — 8 — 56
- r—4
422 — 64
T s 4
4(x? — 16)
r—4
4(x —4)(x +4)
- z—4
=4(z +4)
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7. Provided z # 1,
9x2 722 —63 9z 72z — 63
r—1 1—=x :x—l_ x—1
922 — 72z + 63
- r—1
9(x% — 8z +7)
r—1
9z —1)(x—T7)
r—1
=9(x—7)

9. Provided x # 7,
4z% — 60z L4 42® — 60z + 224
x—T r—7 x—17
4(x? — 152 + 56)

B x—17

_ 4(x —T7)(x — 8)
x—7

=4(x —8)

11. Provided z # 2,
322 48 — 30z 322 48 — 30z

r—2 2—x :x—2+ x—2
322 — 30z + 48

- xr—2
3(x? — 10z + 16)

r—2
3(x —2)(x — 8)

T —2

=3(z —8)

13. Provided = # 2,

922  8lxr—126 922 — 8lx + 126

-2  z-2 T —2
9(x? — 9z + 14)

r—2
9z —2)(x—17)

T —2

=9(x—7)
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SECTION 7.5 SuUMS AND DIFFERENCES OF RATIONAL FUNCTIONS

15. Provided x # 3,

322 — 12
r—3

15 3z2 — 12 15
3—r 2-3 1-3
322 - 1215
==
3z — 27
T Tr-3
3(z% - 9)
- z—3
3(z — 3)(z + 3)
- r—3
=3(x +3)

17.

3x 15
2 —6x+5 +x2—14x+45
B 3z 15
T @-5E-1  (@-5)@-9)
B 3z(z —9) 15(x — 1)

C(@=8)E-D-9)  (z-5)(z—1)(z—9)
~ 3z(z—9) +15(x - 1)

C (z=5)(z—-1)(z—9)

3 —12x-15

(z=5)(z—1)(z—9)

3z —-5)(x+1)

(z=5)(z—1)(xz—9)

3z +1)

S (x—1)(z—9)

Restricted values are 5, 1, and 9.
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19.

9z 54
244 —12 224+20x+ 84
9z 54

(2 46)(z—2) (z+6)(x+14)
9z(z + 14) 54(x — 2)

(2 +6)(z—2)(z+14) (z+6)(z—2)(z+ 14)
9z(x + 14) — 54(x — 2)
T (@+6)(z—2)(z + 14)
9z% 4 72z + 108
T (@+6)(z—2)(z + 14)
B 9(z +6)(x + 2)
(x+6)(z —2)(z+ 14)
B 9z +2)
(x —2)(z+ 14)

Restricted values are —6, 2, and —14.

21.
bx .35
22— 21z +98 7w — a2
B Sa L%
22 -21x+98  2?2-Tx
B ba L%
(=T (z—14)  z2(x—T)
5a° 35(z — 14)

2@ - —14) T 2@ -7z - 14)
522 4 35(x — 14)
z(x —7)(x —14)
522 + 352 — 490
x(x —T7)(x —14)

Restricted values are 7, 14, and 0.
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23.
—Tx 35
22 —8x+15 22— 122+ 35
B —Tx 35
T (@-5)(2-3) (x-5@@-7)
—Tx(x—T7) 35(x — 3)

C(@-5)(@=3)(x-T7) (z-5)(z-3)(z—7T)

=Tz —T7)—35(x —3)
(z=5)(x=3)(x—T7)

_ —T2® + 14z + 105

(z=5)(z—3)(x—T)

=Tz —5)(x+3)

C(z=5)(x=3)(x-7)

 =T(z+3)

(@ =3)(x-T)

Restricted values are 5, 3, and 7.

25.
—9z 36
22 — 120 +32 22 —4da
R 36
C(r—4)(x—8) z(xr—4)
B —9z2 _ 36(z—38)
Cx(r—4)(z—8) wx(r—4)(z—8)
=922 — 36(x — 8)
 x(r—4)(x—8)
_ —92? — 36z + 288
- z(z—4)(x—8)
-9z —4)(z+38)
- x(x —4)(x—8)
=9z +38)
- a(z—8)

Restricted values are 4, 8, and 0.
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27.
6x 42
22 —21x +98 Tz — 22
_ 6x n 42
2221z 498 22 —Tx
_ 6x n 42
(=T (z—14)  z2(x—T)
622 42(x — 14)

2@ - —14) T2z -7z - 14)
622 + 42(x — 14)
x(x —T7)(x —14)
622 + 422 — 588
x(x —T7)(x —14)

_ 6(x —T)(x+ 14)

oz —T)(x— 14)

_ 6(z+14)

z(x — 14)
Restricted values are 7, 14, and 0.
29.
—9x 18
22 —6x+8 a%2—2

_ —9z 18
S (x—2)(z—4) x(r—2)
B —9x2 18(z — 4)
Sz —-2)(x—4) x(zx—2)(z—4)
=927 —18(z — 4)
 z(r—2)(x—4)
=922 — 18z 4+ 72
oz —2)(z—4)
9z —-2)(x+4)
~ a(e—2)(z—4)
_ 9z +4)
 x(r—4)

Restricted values are 2, 4, and 0.
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31.

8x 120
S5r — 22 +x2+5x—50

—8z 120
x2—5x+x2+5m—50

—8z 120
2(z—5)  (z—5)(z +10)

—8z(x + 10) 120z
z(x —5)(x+10)  z(z —5)(z + 10)
—8x(z + 10) + 120z

z(z — 5)(x + 10)

—82% + 40z
z(z —5)(x + 10)

—8x(x —5)
z(z —5)(x + 10)

-8
x+10

Restricted values are 5, 0, and —10.

33.
—hx 30
22+ —30 +x2+23x+102
5 30
S @t6)(@=5 @16 z+17)
—bx(x + 17) 30(z —5)

(2 +6)(z—5)(x+17)  (z+6)(x—5)(z+17)
—5z(x 4+ 17) + 30(xz — b)
T (@+6)(z—5)(z+17)
—52% — 552 — 150
T (@+6)(x—5)(z+17)
5@ +6)(x+5)
(x4 6)(z —5)(z+17)
_ —5(xz+5)
(z —5)(z + 17)

Restricted values are —6, 5, and —17.
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35.

Restricted values are —2,

37.

f@)+g(z) =

Restricted values are —4,

Version: Fall 2007

—4, and

8x

16

2+ 6x+8
8x

2+ 2z

16

82

(x+2)(x+4)

x(z+2)
16(x +4)

822 — 16(x + 4)

(x+2)(x+4)

z(z +2)(x +4)
8z — 16 — 64
z(z+2)(x+4)
8(x 4 2)(z — 4)
x 2)(z + 4)
—4)
4)

OO

(x +
8z —-4)

z(x+4)
0

11x

z(x+2)(x+4)

44

11x

x2+12x+32+

—4x — 22

44

T2+ 122+32

11x

z2 4+ 4z
44

T (z+4)(z+8)

1122

z(xz +4)
44(z + 8)

T oz t+ )z +8)

x(z+4)(x +38)

_ 112? — 44(z + 8)
z(z +4)(z +8)

_ 112? — 44z — 352
z(z+4)(x +8)

_ 11(z +4)(z - 8)

 z(z+4)(r+38)

_ 11(z - 8)

-~ x(r+8)

—8, and 0.



SECTION 7.5 SuUMS AND DIFFERENCES OF RATIONAL FUNCTIONS

39.

4z 4
J(@) +gz) = o2t 2+ 3z +2
—4x 4
$2+$+$2+3$+2

—Az 4
z(r+1) + (z+1)(z+2)

—dz(z + 2) 4z
zz+1)(x+2) z(z+1)(z+2)
—dx(x +2) +4x
z(x+ 1)(z + 2)

- —42% — 4x
C2(z+1)(z+2)
 —Ax(z+1)
z(r+1)(x+2)
A
z(z+2)

—4
T r+2

Restricted values are —1, 0, and —2.
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SECTION 7.6 CoMPLEX FRrRACTIONS 703

7.6 FExercises

In Exercises 1-6, evaluate the function In Exercises 7-46, simplify the given
at the given rational number. Then use complex rational expression. State all re-
the first or second technique for simpli- strictions.
fying complex fractions explained in the
narrative to simplify your answer. 7.
6
1. Given 5+ —
x
z+1
fla)=5—. %36
—x S
evaluate and simplify f(1/2).
8.
2. Given 9
fla)=2212 e
T)=——,
T+5 49 81
evaluate and simplify f(3/2). z  a?
3. Given 9.
2z 4+ 3 7 )
flz) = ,
4—z x—2 x—-7
evaluate and simplify f(1/3). 8 4 3
r—7 x4+8
4. Given
3—2x 10.
f@)=—F,
T+ 9 7
evaluate and simplify f(2/5). r+4 r-—9
9 5
5. Given w—9+x—4
o5 —2x
f(l’) = x4+ 4 ) 11.
evaluate and simplify f(3/5). 34 7
6. Given 9 49
2z — 9 2zt
J@) ==

evaluate and simplify f(4/3).

! Copyrighted material. See: http://msenux.redwoods.edu/Int AlgText/
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704 CHAPTER 7 RATIONAL FUNCTIONS

12.
) ?
T
4 25
2
13.
9 7
z+4 x49
9 2
m+9+x—8
14.
4 9
$—6+$—9
9 8
z—6 -9
15.
) 4
r—7 x—4
10 5
r—4 zx42
16.
3 7
r+6 x4+9
9 4
z+6 z+9
17.
6 5
r—3 x—8
9 7
r—3 x—8
18.
7 4
r—7 x—2
7 6
r—7 x—2

Version: Fall 2007

19.

20.

21.

22.

23.

24.

25.

4 7
x—2+x—7
5 2
r—2 x—7
9 7
r+2 z+5
4 3
x+2+x+5

4

54—

x

25 16
28
6 5
w+5+x+4
8 3
r+5 x+4
9 8
m—5+$+4
5 4
r—5 x+4
4 4
x—6+x—9
6 6
m—6+x—9
6 )
x+8+x—2
5 2
r—2 x+2



26.

27.

28.

29.

30.

31.

32.

7 n 9
r+9 x—2
4 n 7
r—2 x+1
7 5
r+7 x+4
8 3
r+7 x+4

16
%—g§
4
5+ —
T
64 25
x a3
5
g =
T
4 5
r+2 x—6
7 5
r—6 x+7
2 4
r—6 x+9
3 6
r—6 x+9
3 4
r+6 x+4
6 8
r+6 x+4

33.

34.

35.

36.

37.

38.

39.

SECTION 7.6 COMPLEX FRACTIONS
9 64
22t
8
3 —
x
9 25
22t
5
3 —
x
4 8
r—4 x-7
4 n 2
r—7 x+2
7
9 _ L
x
49
-
3 3
2 +8 -9 z22-81
9 n 9
z2—-81 22—-8x-9
7 2
2 —-5r—14 22 —-Tx—18
5 8
2 —Tr—18  x2 -6z —27
2 n 5
22+ 8x+7 a2+ 13z 442
7 n 6
22+ 13x+42 22+ 32z — 18

705
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40. 47. Given f(x) = 2/, simplify
AN f(@) = f(3)
22 +5x—14 2?2 —Tr—98 r—3
3 3

State all restrictions.

x2—7x—98+x2—15x—1—14
48. Given f(x) = 5/x, simplify

41.
6 6 fl@) - f(2)
22 + 1z +24 22 + 13z + 40 T =2
9 9 State all restrictions.

22+ 13z +40 22 — 3z — 40
49. Given f(z) = 3/2?, simplify

42 f(@) — (1)
22+ 132 +30 22 +192+ 90 o
9 9 State all restrictions.
_|_
22+ 192 +90 2%+ Tz —18 50. Given f(z) = 5/x?, simplify
43. fla) - f(2)
7 N 7 T =2
22 —6x+5 x22+2x—-35 State all restrictions.
8 8
22 + 27 — 35 T2 T8+ 7 51. Given f(x) = 7/, simplify
flx+h)— f(z)
44. 5 .
2 2 State all tricti
i 12 22— 230 ate all restrictions.
2 2 52. Given f(z) = 4/z, simplify

22 —x—-30 x2—4x—45 f(x—i—h)—f(w)‘

45. h
4 4 State all restrictions.
2246 —7 x2+2x—3
1 1 53. Given
22 4+2r—3 a2+5r+6 z+1
" o f@)=3—
46. find and simplify f(1/z). State all re-
9 + 8 strictions.
22+3r—4 22—-Tx+6
4 9

x2—7:p+6+x2—10x+24
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54. Given

2 —
@) =37

find and simplify f(2/z). State all re-
strictions.

55. Given

1
fla) ==

find and simplify f(5/z). State all re-
strictions.

56. Given
2z — 3

find and simplify f(1/z). State all re-
strictions.

)

57. Given
T

f(x):m’

find and simplify f(f(x)). State all re-

strictions.

58. Given
2z
r+5
find and simplify f(f(x)). State all re-

strictions.

flz) =

SECTION 7.6 CoOMPLEX FRrRACTIONS 707
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CHAPTER 7 RATIONAL FUNCTIONS

7.6 Solutions

1.
1 1
141 I4+41 2 142 3
12:2 :2 .7:7:7:1
3.
2(HY+3 2(H)+3 3 249 11
3 3
— — —_ = _7:1
f(1/3) 11 1173 12-1 1
5.
3 3
pam = 2226 _5-2() 5 25-6 19
344 3+4 5 3+20 23

7. First multiply the main numerator and denominator by the least common denom-
3.

inator (LCD) of the two small fractions, which is x
6 a3
5+ ) Sz
( z 1 _ 53 + 622
25 36\ 23 2522 — 36
=33
Then factor the numerator and denominator:

22 (5z + 6)
(5z 4+ 6)(5x — 6)

Finally, cancel all common factors in the numerator and denominator:

72

5 — 6

Restricted values are 0, —6/5, and 6/5.
9. First multiply the main numerator and denominator by the least common denom-
inator (LCD) of the two small fractions, which is (x — 2)(z — 7)(z + 8):
7 5 (z=2)(x=T)(z+38)
r—2 x-7 1
8 3 > (x —2)(x —T)(x+8)
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Then simplify the numerator and denominator:

-7 +8) -5 —2)(x+8) (7(z—7) —5(—2)(x+8)
8(x —2)(x+8)+3(x—2)(x—7) B(x+8)+3(x—T7))(r—2)
(22 — 39)(z + 8)

(11z + 43)(z — 2)

Finally, cancel all common factors, if any, in the numerator and denominator. In this
case, there are no common factors.

Restricted values are 2, 7, —8, and —43/11.

11. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is z*:

D)%
T 1 _3$4+7x3

9 49\ gt 922 — 49
K

Then factor the numerator and denominator:

233z +7)
Bz +T7)(3z—T)

Finally, cancel all common factors in the numerator and denominator:

3

3r—7
Restricted values are 0, —7/3, and 7/3.

13. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is (z +4)(x 4+ 9)(z — 8):

< 9 7 >'(x+4)(a:+9)(x—8)

r+4 x+9 1
9 N 2 (x+4)(x+9)(x—8)
r+9 x—8 1

Iz +9)(x—8)+T7(x+4)(z —8)
Iz +4)(x—8)+2(x+4)(z+9)

Then simplify the numerator and denominator:

Nz +9)(x —8)+T(x+4)(x—8) (Iz+9)+7(x+4))(x—8)
Iz +4)(x—8)+2(x+4)(z+9) (9x—8)+2(x+9)(z+4)
(162 +109)(x — 8)

~ (11lz — 54)(x + 4)
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Finally, cancel all common factors, if any, in the numerator and denominator. In this
case, there are no common factors.

Restricted values are —4, —9, 8, and 54/11.

15. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is (z — 7)(x — 4)(z + 2):

5 4\ @-TE-49@+2)
( )

r—7 x4 1

<10 5 >'@—7ﬂx—®@+ﬂ)

r—4 x+2 1
5 —4)(r+2) -4z —T)(x+2)
C10(z = 7)(x +2) = 5(x = T)(z — 4)

Then simplify the numerator and denominator:

5(x —4)(x+2) —4(x — 7)(x + 2) _ (5(x —4) —4(x — 7)) (x + 2)
10(x =) (x+2)=5(x—=T7)(x—4) (10(x+2)—=5(x—4))(x—T1)
(x+8)(z+2)
~ (5x +40)(x —7)

Finally, cancel all common factors, if any, in the numerator and denominator:

(x+8)(x+2)  x+2
(5x +40)(x —7)  5(x—7)

Restricted values are 7, 4, —2, and —8.

17. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is (x — 3)(x — 8):

< 6 5 >‘(:c—3)(x—8)

r—3 x-—8 1 ~ 6(z —8)+5(x — 3)
9 7 (x—3)(x—8)  9(x—8)+7(x—3)
<x—3+x—8>' 1

Then simplify the numerator and denominator:

6(xr —8) +5(x—3) 1lz—63
9(r—8)+7(x—3) 16z —93

Finally, cancel all common factors, if any, in the numerator and denominator. In this
case, there are no common factors.

Restricted values are 3, 8, and 93/16.
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19. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is (z — 2)(x — 7):

4 7 (x —2)(x—=T)
<$_2+x_7)‘ 1 Az -T)+T(x —2)
5 2 (z—2)(x—7) Sle—T7)+2(-2)
<x2+x7>' 1

Then simplify the numerator and denominator:

e —T)+7(x—2) 1lx—42
5(x—7)+2(x—2) Tx—39

Finally, cancel all common factors, if any, in the numerator and denominator. In this
case, there are no common factors.

Restricted values are 2, 7, and 39/7.

21. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is 23:

(+2) 7
T 1 B 523 4 422

<25 16) 3 252216

—| 5

Then factor the numerator and denominator:

22 (5x + 4)
(5x +4)(bx — 4)

Finally, cancel all common factors in the numerator and denominator:

$2

br —4

Restricted values are 0, —4/5, and 4/5.

23. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is (z — 5)(x + 4):

( 9 , 8 >‘(x—5)(az+4)

t—5 x+4 1 _ 9(x+4) +8(x—5)
5 4 (x—5)(z+4) 5Slz+4)—4(z—5)
(x—5_x+4>' 1

Then simplify the numerator and denominator:

Yx+4)+8(x—5) 17Tx—4

5(x+4)—4(x—5) x+40
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Finally, cancel all common factors, if any, in the numerator and denominator. In this
case, there are no common factors.

Restricted values are 5, —4, and —40.

25. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is (z + 8)(x — 2)(z + 2):

6 5 (x +8)(z —2)(z + 2)
<$+8+a:—2>. 1

< 5 2 >'@+8ﬂx—%@+2)

r—2 r+2 1
6(r —2)(x+2)+5(x+8)(r+2)

Bz +8)(x+2) —2(z +8)(x —2)

Then simplify the numerator and denominator:

6(z—2)(x+2) + 5z +8)(x+2) (6 —2)+5(x+8))(z+2)

5(x+8)(z+2) —2(x+8)(z—2) (5(x+2)—2(x—2))(x+8)
(11z +28)(z + 2)

3z +14)(x +8)

Finally, cancel all common factors, if any, in the numerator and denominator. In this
case, there are no common factors.

Restricted values are —8, 2, —2, and —14/3.

27. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is (x 4+ 7)(x + 4):

( 7 5 >.(x+7)(x+4)

r+7 x+4 1 Tz +4) -5 +7)
8 3\ @+N@+4) 8l+4)-3@+7)
<x+7_x+4> 1

Then simplify the numerator and denominator:

T(z+4)—-5x+7) 22-7

8(x+4)—3(x+7) Br+11

Finally, cancel all common factors, if any, in the numerator and denominator. In this
case, there are no common factors.

Restricted values are —7, —4, and —11/5.
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29. First multiply the main numerator and denominator by the least common de-

nominator (LCD) of the two small fractions, which is 23:

64 25\ a°
z x3) 1 6422 — 25

. 5\ 23 8x3 — b2
=k

Then factor the numerator and denominator:

(8 — 5)(8z +5)
x2(8z — 5)

Finally, cancel all common factors in the numerator and denominator:
8r +5
22

Restricted values are 0 and 5/8.

31. First multiply the main numerator and denominator by the least common de-
nominator (LCD) of the two small fractions, which is (z — 6)(x + 9):

(2 4 )(x—®@+m

r—6 x+9 1 _ 2(x+9) —4(z —6)
3 6\ (z—6)(+9) 3(@+9)—6(z—6)
(x—6_a:+9> 1

Then simplify the numerator and denominator:

2(x+9) —4(x —6) —2z+42
3(x+9)—6(x—6) —3z+63

Finally, cancel all common factors, if any, in the numerator and denominator:

—2z+42 2
—3r+63 3

Restricted values are 6, —9, and 21.
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33. First multiply the main numerator and denominator by the least common de-

nominator (LCD) of the two small fractions, which is z*:

9 64 2t
z2 zt) 1 922 — 64

8\ zt 34 — 83
(3 - > 1
T 1

Then factor the numerator and denominator:

(3z — 8)(3xz +8)
x3(3z — 8)

Finally, cancel all common factors in the numerator and denominator:

3xr+8
23

Restricted values are 0 and 8/3.
35. First multiply the main numerator and denominator by the least common de-

nominator (LCD) of the two small fractions, which is (z — 4)(x — 7)(z + 2):

( 4 _x§7>'(x—4)(xz7)(x+2)

( 47 $+2> (:U—4)(;UI7)($—|—2)
(x
(z

4
T4

—N(x+2)—8(x—4)(x+2)
—4)(x+2)+2(x—4)(z—T)

Then simplify the numerator and denominator:

4z —T)(x+2)—8(x —4)(z+2) _ (4(x —7) —8(x —4))(z + 2)
dz—4)(z+2)+2(x—4)(z—-7) (“A@x+2)+2(x—7))(z—4)
_ (—dzx +4)(x +2)

(6x —6)(x —4)

Finally, cancel all common factors, if any, in the numerator and denominator:

(—dzx +4)(x +2) _ —2(x +2)
(6 —6)(x —4) 3(x —4)

Restricted values are 4, 7, —2, and 1.
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37. First factor all of the denominators:

3 3
(x—1)(z+9) + (x+9)(z—9)
9 n 9
(x4+9)(z—9) (x—9)(x+1)

Then simplify the main numerator and denominator:

3(z—9) 3(x—1)
(z—1D(x+9 -9 (z-—1(+9)(x—9)
9z +1) 9z +9)
(z4+9(xz—-9)(x+1) (z+9)(x—9)(z+1)
3(x—-9)+3(x—1)
@ D@99
9z +1)+9(x+9)
(x4+9)(z—9)(z+1)
6x — 30
 @-DE+9)(z-9)
18z 490

(x4+9)(z—9)(z+1)

Then divide by rewriting as a multiplication problem, and cancel common factors:

6z — 30 (249 (z-9)(=z+1)
(x —1)(z+9)(x—9) 18z + 90
(6 —30)(xz+ 1)
~ (18z +90)(z — 1)

Finally, factor the numerator and denominator further, if possible, and cancel all com-

mon factors again:
6(z —5)(x+1)
18(z+5)(z—1)
(= 5)(z+1)
3z +5)(x—1)
Restricted values are 1, —9, 9, —1, and —5.
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39. First factor all of the denominators:

2 5
(x+1)(z+7) + (x+7)(z+6)
7 6

@+ 7)(2+6)  (@+6)(z—3)

Then simplify the main numerator and denominator:

2(z + 6) 5(z+1)
4+ D)(z+7)(x+6) (z4+1)(x+T7)(z+6)
7(x — 3) N 6(x+7)
(x+T)(z+6)(z—3) (z+T7)(z+6)(x—3)
2(x+6)+5(x+1)
(x+1)(z+7)(z+6)
7(x—3)+6(x+7)
(x+T7)(x+6)(z—3)
Tx + 17
(z+1)(x+7)(x+6)

- 13z + 21

(x+T7)(x+6)(x—3)
Then divide by rewriting as a multiplication problem, and cancel common factors:
Tx + 17 (x+7)(x+6)(x—3)
(x+1)(z+T7)(x+6) 13z + 21
(T2 +17) (2 - 3)
~ (13z+21)(z + 1)

Finally, factor the numerator and denominator further, if possible, and cancel all com-
mon factors again, if any. In this case, the expression does not simplify any further.

Restricted values are —1, —7, —6, 3, and —21/13.
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41. First factor all of the denominators:

6 6
(x+3)(x+8) (x+8)(z+5H)
9 9

(z+8)(z+5) (z+5)(z—28)

Then simplify the main numerator and denominator:

6(z +5) 6(x +3)
(x+3)(z+8)(x+5) (z+3)(x+8)(x+5)
9(x —8) B 9(x +8)
(x+8)(z+5)(x—8) (z+8)(x+5)(x—28)
6(z +5) — 6(x + 3)
(@ +3)(@+8)(z+5)
9(z —8) —9(z +8)
(z+8)(x+5)(x—38)
12
(z+3)(z +8)(x +5)
- 144

(z+8)(x+5)(x—38)

Then divide by rewriting as a multiplication problem, and cancel common factors:

12 (x+8)(x+5)(x—8)
(z+3)(x+8)(x+5) —144
_ —1(z—-38)
T 12(z+3)

Restricted values are —3, —8, —5, and 8.
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43. First factor all of the denominators:

7 n 7
(x—1)(xz—=5) (x—5)(x+7)
8 8

@—5)@+T) @D+

Then simplify the main numerator and denominator:

T(x+7) T(x —1)
(=D (x=5)(xz+7) (z—1)(x—=5)(z+7)
8(z+1) n 8(x —5)
(x=5)(z+T7)(z+1) (z—=5)(x+T)(z+1)

Tx+T7)+7(x—1)
(x —1)(x =5)(x+7T)
8(x+1)+8(x—5)
(x=5)(x+T)(x+1)
14z + 42
(x —1)(xz=5)(z+7)
162 — 32
(x=5)(x+T)(x+1)

Then divide by rewriting as a multiplication problem, and cancel common factors:
14z + 42 (x =5)(x+T)(x+1)
(x —1)(x—=5)(xz+T7) 162 — 32
(ldz +42)(z + 1)

(162 — 32)(z — 1)

Finally, factor the numerator and denominator further, if possible, and cancel all com-
mon factors again:

14(x + 3)(z + 1)

16(z —2)(z — 1)
(x4+3)(x+1)
(x —2)(x—1)

T
8

Restricted values are 1, 5, =7, —1, and 2.
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45. First factor all of the denominators:

4 4
(z+T7)(z—1) (z—1)(z+3)
4 4

(z—1)(z+3) (z+3)(z+2)
Then simplify the main numerator and denominator:

4(x + 3) B 4(x+7)
(z+7(x—1D(x+3) (z+7)(x—1)(x+3)
4(x + 2) B 4(x—1)

(x —1)(z+ 3)(:c +2) (z—1(z+3)(z+2)
dx+3)—4(z+7)
(x+7)(z—1)(z+3)
4z +2)—4(z—-1)
(x—1)(x+3)(x+2)
—16
(z+7)(x—1)(z+3)
12
(x—1)(x+3)(x+2)

|
~— | — \_//‘\

Then divide by rewriting as a multiplication problem, and cancel common factors:

—16 (x=1)(x+3)(x+2)
(z+7)(z—1)(z+3) 12
4z +2)
3 +T)

Restricted values are —7, 1, —3, and —2.

47.
fla)—fB) _2-3 2-3 3z _ 6-2r _ 2«-3) 2
r—3 r—3 x—3 3z 3zx(x—3) 3z(xr—3) 3z
Restricted values are 0 and 3.
49.
fl@)—f(1) -3 -3 2> 3-3> 3@-D+1) 3@+
r—1 -1 z—-1 22 22(x-1) 22(x —1) B x?

Restricted values are 0 and 1.
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51.
fa+h)—f@)  wm—r s w(@+h) Tz —Tx+h) —7h

7

h T h h z(x+h)  ha(z+h)  ha(z+h)
Restricted values are x #£ 0, x £ —h, and h # 0.

53.

1 1

11 14 1 1

O et e R wie
3—=- 3—=- =z 3Jr—-1 3z-1
T xT
Restricted values are 0 and 1/3.
55.
241 241z 54z w45

f(5/x):2_5(§) T2-5(3) @ 20-25 2r-25

T

Restricted values are 0 and 25/2.

57.

x x
x)_ o) 713 x+2 T T

s =1 (55

Restricted values are —2 and —4/3.
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SECTION 7.7 SOLVING RATIONAL EQUATIONS 723

7.7 Exercises

For each of the rational functions given
in Exercises 1-6, perform each of the
following tasks.

i. Set up a coordinate system on graph
paper. Label and scale each axis. Re-
member to draw all lines with a ruler.

ii. Plot the zero of the rational function
on your coordinate system and label
it with its coordinates. Plot the verti-
cal and horizontal asymptotes on your
coordinate system and label them with
their equations. Use this informa-
tion (and your graphing calculator)
to draw the graph of f.

iii. Plot the horizontal line y = k on your
coordinate system and label this line
with its equation.

iv. Use your calculator’s intersect util-
ity to help determine the solution of
f(z) = k. Label this point on your
graph with its coordinates.

v. Solve the equation f(x) = k alge-
braically, placing the work for this
solution on your graph paper next to
your coordinate system containing the
graphical solution. Do the answers

agree?
L) =g k=3
2. f(x):%, k=-3
3. f(x)zgj;, k=2
4. f(:n):;i_i, k=2
5. f(:v):%; kE=-3

In Exercises 7-14, use a strictly alge-
braic technique to solve the equation f(x) =
k for the given function and value of k.
You are encouraged to check your result
with your calculator.

7. flx)= %; k=38

8. J) =2 k=

9. f(:c)ziii? k=-11

10. f(m):—%; k=—6
11. f(z) = _7x35+xl2; k=-5
12.  f(z) :—%; k=—-11
13. f(z) = %; k=11

14. f(z) = %; k=12

In Exercises 15-20, use a strictly alge-
braic technique to solve the given equa-
tion. You are encouraged to check your
result with your calculator.

]_5 £+§—_§
7T 9 7
r 9 3

16. — 4+~ =-2
3+2 8

! Copyrighted material. See: http://msenux.redwoods.edu/Int AlgText/
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57 40 1 1
L = B 23. = —— k=1/4
17. —— =27 f@)=——3 -7 /
117 54 1 1
18. —— =54+ — 24. = ——\ k=1/6
T .’L‘2 f($) r—1 x+27 /
7 3
19. —=4- — 1 1
2 25. = — k=4
x x f(z) x—2+:c+2’
3
200 —=5—— 1 1
x2 z 26. = — k=5
f(z) a:—3+:c+2’

For each of the rational functions given
in Exercises 21-26, perform each of the
following tasks.

i.

ii.

iii.

iv.

vi.

Set up a coordinate system on graph
paper. Label and scale each axis. Re-
member to draw all lines with a ruler.
Plot the zero of the rational function
on your coordinate system and label
it with its coordinates. You may use
your calculator’s zero utility to find
this, if you wish.

Plot the vertical and horizontal as-
ymptotes on your coordinate system
and label them with their equations.
Use the asymptote and zero informa-
tion (and your graphing calculator)
to draw the graph of f.

Plot the horizontal line y = k on your
coordinate system and label this line
with its equation.

Use your calculator’s intersect util-
ity to help determine the solution of
f(x) = k. Label this point on your
graph with its coordinates.

Solve the equation f(x) = k alge-
braically, placing the work for this
soluton on your graph paper next to
your coordinate system containing the
graphical solution. Do the answers
agree?

1

1
/(@) 9:+x-f-57 9/
1 1
=—+——, k=28/15
fla)=—+—, /

Version: Fall 2007

In Exercises 27-34, use a strictly alge-
braic technique to solve the given equa-
tion. You are encouraged to check your
result with your calculator.

27 2 + o 3
41 x+2

2 7

28. — =9
r—5 x-—7
3 2

29. — =-3
T+9 x+7
3 6

30. — =9
zT+9 x+7

31 2 + 2 = -1

T z49 x+6

32. > — 8 =-1
r—6 x-—7
3 6

33. = -2
$+3+x+2
2 2

34. — =1
r—4 x-1




For each of the equations in Exercises 35-
40,

i.

ii.

iii.

iv.

35.

36.

37.

38.

39.

40.

SECTION 7.7 SOLVING RATIONAL EQUATIONS

perform each of the following tasks.

Follow the lead of Example 10 in the
text. Make one side of the equation
equal to zero. Load the nonzero side

into your calculator and draw its graph.

Determine the vertical asymptotes of
by analyzing the equation and the re-
sulting graph on your calculator. Use
the TABLE feature of your calculator
to determine any horizontal asymp-
tote behavior.

Use the zero finding utility in the
CALC menu to determine the zero of
the nonzero side of the resulting equa-
tion.

Set up a coordinate system on graph
paper. Label and scale each axis. Re-
member to draw all lines with a ruler.
Draw the graph of the nonzero side
of the equation. Draw the vertical
and horizontal asymptotes and label
them with their equations. Plot the
z-intercept and label it with its coor-
dinates.

Use an algebraic technique to deter-
mine the solution of the equation and
compare it with the solution found by
the graphical analysis above.

T n 8 _ 2
x+1 22-2x—3 -3
z 2 12
xr+4 x+1 224+brx+4
x 4 _ 2z — 1
z+1 2041 222+3zx+2
2x 1 _ 4o + 24
x—4 x+4+1 22—-3r—14
x + 3 _ 8
r—2 x+4+2 4—22
T 4 z—6

x—l_x—l—lzl—an

725

In Exercises 41-68, use a strictly alge-
braic technique to solve the given equa-
tion. You are encouraged to check your
result with your calculator.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

T g_ 1
3r—9 =z x-3
5z n 5 z+6
x+2 x—-5 a2—-3z—10
3x z_ 1
r+2 2¢ + 4
4x 4 _ r—4
r+6 x4+4 22410z +24
x + 9 - T+95
x—5 44—z 22—9x+20
6x 2 _ r—8
xr—5 x—3 22—8x+15
2z n 5 _ T+ 8
r—4 2—x a22—6x+38
r 8 _ T+ 7
r—7 bH5—z 22-12z+35
x 9_ 2

242 x  x4+1

Tx 4 _ T+ 8
z+3 2—2 a2+4+x-—6
2 2 - xr— 2
r+5 6—2 a2—z—30
4x n 6 B r—9
xr+1 x4+3 a22+4x+3
T 2 B r+1
z+7 x+5 224+12x+35
%5 6 1

4+ ==

6x+4 «x 3r+ 2

2z 4 2
3r+9 =z  x+3
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56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

CHAPTER 7 RATIONAL FUNCTIONS

Tx 4 B x+ 6

x+1 z+4+2 2243zx+2
T +8_ 2

2r—8 x x—4

3z n 6 _ T+ 2

r—6 x—6 22-—-12x+36
T 2_ 5

z+2 = 2z+4

4x + 2 - T+ 4

x—2 2—x x2—-4x+14
2z 3_ 2
3c—9 x  x—3

2x 2 1

r+1 = 2x+2

x §_ 1

z+1 z dx+4

2z 8 r+2

x—4 x—7 a2—1lz+28

92 +2 2
8 —2 =« 4xr — 1

2x 4 r—9
r—3 4d4—x 22-Tr4+12

dx 5 r—5
x+6 T—zx x2—2x-—42
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7.7 Solutions

1. Load f(z) = (x —1)/(x + 2) into Y1 and y = 3 in Y2, as shown in (a). Use the
intersect utility from the CALC menu to find the point of intersection, as shown in
(b). Note: We had some difficulty with this at first, because the calculator warned
that it could not find a point of intersection. We tried a second time, but this time we
made sure our “guess” was near the point of intersection (and certainly to the left of
the vertical asymptote). This approach provided the solution in (b).

ek

; Interceckion
n=-z.E == W=k 1 IY==z

(a) (b)

Note that = 1 makes the numerator of f(z) = (x—1)/(x+2) zero without making the
denominator zero. Hence, x = 1 is a zero of f and (1,0) is an z-intercept of the graph

of f. Secondly, the function f is reduced and x = —2 makes the denominator zero.
Thus, z = —2 is a vertical asymptote. Tabular results indicate a horizontal asymptote
y =1
A i Ve ! W Ve
=10 1.z | 2 in .TE E
-100 1.0z08 | = 10 AP0l ) =
= R-1- ol B

'iiaa 1.00=

() (d)

This is enough information to construct the graphs of f(z) = (z—1)/(x+2) and y = 3
that follows. Note that we drop a dashed vertical line from the point of intersection to
the z-axis where we label the z-value.
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Y
ilOA
1
|
|
A(—3.5,3) ! y=3
< I =
y=1 ff:':--/::-':-- P i<
- —3.5 /] (1,0) 10
|
1
|
|
|
1
”7 v
r=—2

To solve the equation algebraically, first multiply both sides of the equation by x + 2.
x—1
r+2

z—1
= 2
x+2] 3(r+2)

x—1=3(z+2)

<x+2)[

Expand, then solve for x.

r—1=3x+6
r—3r=6+1
—2x =1
x==T7/2
Note how the solution z = —7/2 agrees with the graphical solution found above.

3. Load f(z) = (x+1)/(3 —z) into Y1 and y = 2 in Y2, as shown in (a). Use the
intersect utility from the CALC menu to find the point of intersection, as shown in
(b). Note: We had some difficulty with this at first, because the calculator warned
that it could not find a point of intersection. We tried a second time, but this time we
made sure our “guess” was near the point of intersection (and certainly to the left of
the vertical asymptote). This approach provided the solution in (b).

Flotl Flokz Flots

WMAECEAL DA CE—HD

R ] = I .
~Mz=N :

~hy=
wMNe=
wWE= Interseckioh r
W= =i BEEERES V=2
(a) (b)

Note that z = —1 makes the numerator of f(x) = (z+1)/(3 — x) zero without making
the denominator zero. Hence, z = —1 is a zero of f and (—1,0) is an z-intercept of the
graph of f. Secondly, the function f is reduced and x = 3 makes the denominator zero.
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Thus, x = 3 is a vertical asymptote. Tabular results indicate a horizontal asymptote
y=—1.

& Y Yz & Y Yz
10 -692% | & 1571 | 2
100 | -8EiZ | 2 100 -1yl | 2
- -ogg |2 -1y | 2

= =
(c) (d)

This is enough information to construct the graphs of f(z) = (z+1)/(3—x) and y = 2
that follows. Note that we drop a dashed vertical line from the point of intersection to
the z-axis where we label the z-value.

Y
104

Lo ™
;704—.—-—>

<

3

8

To solve the equation algebraically, first multiply both sides of the equation by 3 — x.

=2
3 2) [gf;] — 93— a)

r+1=23—-1x)

Expand, then solve for x.

r+1=6—-2x

r+2r=6—1
3z =5
x=5/3

Note how the solution z = 5/3 agrees with the graphical solution found above.
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5. Load f(x) = (2 +3)/(x — 1) into Y1 and y = —3 in Y2, as shown in (a). Use
the intersect utility from the CALC menu to find the point of intersection, as shown
in (b). Note: We had some difficulty with this at first, because the calculator warned
that it could not find a point of intersection. We tried a second time, but this time we
made sure our “guess” was near the point of intersection (and certainly to the left of
the vertical asymptote). This approach provided the solution in (b).

Flatl Flokz Flotz
;'-.’15':2*H+33lf'i:={—1 L

wWeE-3 ..
~Mz=N E
~hly=

whE= Inkerseckion
M= u=n ¥=-z

(a) (b)

Note that x = —3/2 makes the numerator of f(xz) = (22 + 3)/(z — 1) zero without
making the denominator zero. Hence, x = —3/2 is a zero of f and (—3/2,0) is an
z-intercept of the graph of f. Secondly, the function f is reduced and z = 1 makes
the denominator zero. Thus, x = 1 is a vertical asymptote. Tabular results indicate a
horizontal asymptote y = 2.

& Y Yz & Y4 Yz
-1i) 1.5455 | -3 10 z.5ecg | -3
-100 }'EEEE -3 100 Z.0EnE | -3

B iaaa c.nk "E

() (d)

This is enough information to construct the graphs of f(x) = (22 4+ 3)/(x — 1) and
y = —3 that follows. Note that we drop a dashed vertical line from the point of
intersection to the z-axis where we label the z-value.

Y
1OA T
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To solve the equation algebraically, first multiply both sides of the equation by x — 1.

2x +3
T+ —_3

z—1
2 3
v ]:—3(1‘—1)

z—1
20 +3=-3(z—1)

@)

Expand, then solve for x.

20 +3=—-3x+3

20 +3x=3-3
5 =10
=0

Note how the solution x = 0 agrees with the graphical solution found above.

7. To solve 12%__19 = 8, first clear fractions by multiplying both sides of the equation

by the LCD 2z — 1 to obtain

16x —9 =162 — 8
Then solve this linear equation. In this case, there are no solutions.

9. To solve f‘éﬁ = —11, first clear fractions by multiplying both sides of the equation

by the LCD 4z + 1 to obtain

or + 8 = —44x — 11

Then solve this linear equation to obtain the solution —%. Since this value does not

cause division by zero in the original equation, it is a valid solution.

11. To solve —73%2 = —b5, first clear fractions by multiplying both sides of the

equation by the LCD 7z + 12 to obtain
—352 = —35x — 60

Then solve this linear equation. In this case, there are no solutions.

13. To solve i’gjﬁ = 11, first clear fractions by multiplying both sides of the equation

by the LCD x — 11 to obtain
8r+2=11x— 121

Then solve this linear equation to obtain the solution 41. Since this value does not
cause division by zero in the original equation, it is a valid solution.
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15. The least common denominator (LCD) is 63, so first clear fractions by multiplying
both sides of the equation by the LCD to obtain

9z + 56 = —72

Then solve this linear equation to obtain the solution —%. Since this value does not
cause division by zero in the original equation, it is a valid solution.

17. The least common denominator (LCD) is 22, so first clear fractions by multiplying
both sides of the equation by the LCD to obtain the quadratic equation

—57x = 272% — 40

Then solve this quadratic equation either by factoring or by using the quadratic formula
to obtain the solutions —% and g. Since each of these values does not cause division by

zero in the original equation, they are both valid solutions.

19. The least common denominator (LCD) is 22, so first clear fractions by multiplying
both sides of the equation by the LCD to obtain the quadratic equation

To = 42° — 3

Then solve this quadratic equation by using the quadratic formula to obtain the solu-
tions 7+§/ﬁ and 7_25/%. Since each of these values does not cause division by zero in
the original equation, they are both valid solutions.

21. Load f(z) =1/x+ 1/(z +5) into Y1 and y = 9/14 in Y2, as shown in (a). Use
the intersect utility from the CALC menu to find the points of intersection, as shown
in (b) and (c).

Flatl Flakz Flobz

SMAELRFLSCHEDD

~NeB3-14

~y= ﬁ ﬁ

~Ne=

e Inkerseckion Interseckion

M= n="*.HBHBAY IY=.B4ZHE71Y4 = | Y=.6B42B5714

(a) (b) (c)

We can combine terms of f.

1 1 T4+5 x 2r+5
f(x) =

E+x+5:$(az+5)+x($+5) z(z +5)

Note that z = —5/2 makes the numerator of f(z) = (22 4+ 5)/(z(x + 5)) zero without
making the denominator zero. Hence, x = —5/2 is a zero of f and (—5/2,0) is an
z-intercept of the graph of f. Secondly, the function f is reduced and x = —5 and
x = 0 make the denominator zero. Thus, z = —5 and z = 0 are vertical asymptotes.
Tabular results indicate a horizontal asymptote y = 0.
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& Y Yz & Y Yz

-10 -3 .E4zHE 10 16667 | .64ZHE

100 | -.hzog | J54z8A 100 0i8E: | (E4ZHE
-anz | J64ZHE

iaaa ILIES .B4ZHE

(d) (e)

This is enough information to construct the graphs of f(z) = (22 +5)/(x(x + 5)) and
y = 9/14 that follows. The z-value of each point of intersection is a solution of the
equation f(x) = 9/14. Note: In this instance, we avoided the usual dashed vertical
lines because we thought the final picture would be too crowded.

)

\\‘(2,9/14) =914

e o

(—3.8889,9/14
y=0 %

]
|
N
gRE
— W
S,

'
=0

8
|

|
o

To solve the equation algebraically, first multiply both sides of the equation by 14z(x +

5).
2x 4+ 5 _3
r(x+5) 14
2¢ 4+ 5 9
14z (z | = Zlda(z
z(z +5) L@m)} g4l +9)

14(2x + 5) = 9z(z + 5)
Expand, make one side zero.
28z + 70 = 922 + 45z
0= 92”4+ 17z — 70
Let’s use the quadratic formula.

L 1T VIT A(9)(-T0) _ 17+ V2809 17453

2(9) 18 18

This gives us two answers,
—17 —53 35 —17+4 53
Tr = — = =

_20 _ TS o
18 g and @ 18
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Note how these solutions agree with the graphical solutions found above.

23. Load f(z) =1/(x—1)—1/(z+1) into Y1 and y = 1/4 in Y2, as shown in (a). Use
the intersect utility from the CALC menu to find the points of intersection, as shown

in (b) and (c).

Flokl Floke Flokz
WMWMAB1sCE=10-1008
+1 32
~NWzEl-d X T T T —_———— 1T
~z=l
~hly=
B Int-ar':-z-:ti-:-n‘rl Int-zr's-acti-:-n‘r
~ME= h="F =25 n== =2k
(a) (b) (c)
We can combine terms of f.
(@) 1 1 r+1 z—1 2
xTr) = —_ = —_ =
z—1 241 (z—1)(z+1) (z—-1)(z+1) (z—1)(xz+1)
There is no value of x that will make the numerator zero. Hence, the graph of f has
no z-intercept. Secondly, the function f is reduced and x = —1 and x = 1 make the
denominator zero. Thus, x = —1 and = = 1 are vertical asymptotes. Tabular results
indicate a horizontal asymptote y = 0.
A N Ve & N YE
=10 Jzog .2k 10 zog .2k
-100 cE -4 .£E 10 cE -4 .k

'iiaa cE-B 25 iaaa tE-B .25

(d) ()

This is enough information to construct the graphs of f(x) = 2/((x — 1)(x 4+ 1)) and
y = 1/4 that follows. The z-value of each point of intersection is a solution of the
equation f(x) = 1/4. Note: In this instance, we avoided the usual dashed vertical lines
because we thought the final picture would be too crowded.
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SECTION 7.7 SOLVING RATIONAL EQUATIONS

To solve the equation algebraically, first multiply both sides of the equation by 4(x —
)(x+1).

2 1
(z—1)(z+1) 4
Mz — Dz +1) [(fv—1>2(w+1)] _ 34(%1)(95“)
8=22-1
9 =22
T =13

Note how these solutions agree with the graphical solutions found above.

25. Load f(x) =1/(zx —2)+1/(z+2) into Y1 and y = 4 in Y2, as shown in (a). Use
the intersect utility from the CALC menu to find the points of intersection, as shown
in (b) and (c).

Flakl Flake Flokz

MBSO E-23+108

+2

iy

W=

~Hy= —1 _-\I 1

~HE= Inkerseckion Inkerseckion

=N E= n=-1.7BEERY IV'=Y n=c.cREERYY 1Y'=Y

(a) (b) (c)
We can combine terms of f.
1 1 T+ 2 xr—2 2z
J(@) = x—2 +w+2 (-2 +2) (2-2)(x+2) (z-2)(z+2)

Note that z = 0 makes the numerator equal to zero without making the denominator
zero. Hence, z = 0 is a zero of f and (0,0) is an a-intercept of the graph of f. Secondly,
the function f is reduced and x = —2 and z = 2 make the denominator zero. Thus,
r = —2 and x = 2 are vertical asymptotes. Tabular results indicate a horizontal
asymptote y = 0.

& bk Ve & Y I
10 -208% | 4 10 T
100 | =gz y 100 dzond |y
Hﬁ -0z |4 00z y

= =
(d) (e)

This is enough information to construct the graphs of f(z) = 2z/((z — 2)(x + 2)) and
y = 4 that follows. The x-value of each point of intersection is a solution of the equation
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f(xz) = 4. Note: In this instance, we avoided the usual dashed vertical lines because
we thought the final picture would be too crowded.

09

(—1.765564,4)

y=0 =

e ] -
—
[ws)

v
r=—2 r=2

To solve the equation algebraically, first multiply both sides of the equation by (z —
2)(x +2).

2x B
(x—2)(z+2)
2z
(x —2)(x+2) [MM] =4(x - 2)(z+2)
2z = 4(z% — 4)
20 = 42? — 16

Make one side zero and divide both side of the resulting equation by 2.
0=42" - 27 — 16
0=22"—z—38

Let’s use the quadratic formula.

(D EV(E1D)2-42)(=8) | 165
e 2(2) -

If you approximate these with your calculator, you will see that they match the ap-
proximations found graphically above.

S ENA L Cl+lCed)as9
-1. 7855264437 b 2. 2625644357

(f) ()

Note how these solutions agree with the graphical solutions found above.
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27. The least common denominator (LCD) is (z + 1)(x + 2), so first clear fractions
by multiplying both sides of the equation by the LCD to obtain the equation

2@ +2)+4(z+1)=-3(z+1)(z+2)
Then simplify this quadratic equation to standard form:
322 — 150 — 14 =0

Finally, solve this quadratic equation by using the quadratic formula to obtain the
—154+/57
6

solutions and _156\/5. Since each of these values does not cause division by
zero in the original equation, they are both valid solutions.

29. The least common denominator (LCD) is (z + 9)(x + 7), so first clear fractions
by multiplying both sides of the equation by the LCD to obtain the equation

347 —2(x+9) =-3z+9)(z+7)
Then simplify this quadratic equation to standard form:
—32% — 497 — 192 =0

Finally, solve this quadratic equation by using the quadratic formula to obtain the
—49+/97
6

solutions and _49g¢97. Since each of these values does not cause division by
zero in the original equation, they are both valid solutions.

31. The least common denominator (LCD) is (z + 9)(z + 6), so first clear fractions
by multiplying both sides of the equation by the LCD to obtain the equation

2@ +6)+2(x+9) =—-1(x+9)(z+6)
Then simplify this quadratic equation to standard form:
—2% - 192 -84 =0

Finally, solve this quadratic equation either by factoring or by using the quadratic
formula to obtain the solutions —7 and —12. Since each of these values does not cause
division by zero in the original equation, they are both valid solutions.

33. The least common denominator (LCD) is (z + 3)(z + 2), so first clear fractions
by multiplying both sides of the equation by the LCD to obtain the equation

3(z+2)+6(x+3)=—-2(x+3)(z+2)
Then simplify this quadratic equation to standard form:
—22% —192 - 36 =0

Finally, solve this quadratic equation by using the quadratic formula to obtain the
—19+73
4

solutions and 7191‘/ﬁ. Since each of these values does not cause division by
zero in the original equation, they are both valid solutions.
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35. Set
x 8 2

x+1+x2—2x—3 z—3

Y

and load the left-hand side into Y1, as shown in (a). Use the zero finding utility in the
CALC menu to determine the zero, as shown in (b).

Flatl Flokz Flots
sMERSCEFL 2 +ES 0K
?E—E*H—SD—EH':H—E

~Ne=l o

wMa=

iy = 2arn

wNE= H=k Y=

(a) (b)

The equation would indicate vertical asymptotes at x = —1 and x = 3, but the image in
(b) would indicate that some sort of cancellation takes place, leaving only one vertical
asymptote at x+ = —1. The following tables indicate the presence of a horizontal

asymptote y = 1.

& Y & Y4
-1i) 1.3333 10 FEPER
=100 | 10303 100 EREE
- 1003 Hﬁ CLE

= =
(c) (d)

Copy the image onto your homework as follows.

-—-A-/-’:_:,-_-—-—::‘m

i
—_
|/
L}
L}
]
i
i
i
[}
L}

3 0 S T O T O B g oy e e

r=—1

To solve the equation algebraically, multiply both sides of the equation by the common
denominator (z + 1)(x — 3).
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x 8 2

x+1+x2—2x—3_x—3

xi1+{x+1ix_@}:[$i3]@+1Xx@

z(xr—3)+8=2(x+1)

(z +1)(z — 3)

Expand, then make one side zero and factor.
2?2 -3z +8=2z+2
2? — 5z +6=0
(x—3)(x—2)=0
This would indicate two solutions. However, note that x = 3 is an extraerroeous answer,

as it makes some rational expressions in the original equation undefined. Hence, z = 2
is the only solution. Note that this agrees with the graphical solution above.

37. Set

T 4 2¢ —1 _ 0
r+1 2z+1 222+43z+1

and load the left-hand side into Y1, as shown in (a). Use the zero finding utility in the
CALC menu to determine the zero, as shown in (b).

Flatl Flokz Floks
sMRRSCEFL =02
Rt ] D= k=1 0 (2
LRy K B

2= s

W=
Y= Zern III
wHNe= H=Z =i
(a) (b)
The equation would indicate vertical asymptotes at x = —1 and x = —1/2, but the
image in (b) would indicate that some sort of cancellation takes place, leaving only one
vertical asymptote at £ = —1. The following tables indicate the presence of a horizontal
asymptote y = 1.
& Nl i W
-10 14444 .BZBZh
=10 1.040Yy 100 Ba0y
1000y

% .85
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Copy the image onto your homework as follows.
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i
i
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r=—1

To solve the equation algebraically, multiply both sides of the equation by the common
denominator (z + 1)(2z + 1).

x 4 _ 20— 1
r+1 22+4+1 222+3x+1
x 4 20— 1
4+ 1) (22 + 1 _ — r+1)2x +1
<*+)(*+)[I+1 2x+1] [@x+UQﬂ1J(i+)(i+)

z2z+1)—4(x+1) =2 -1
Expand, simplify, then make one side zero and factor.
20 +x—dz—4=22—1
20 —3x —4=22-1
20> — 5z —3=0
2z +1)(z—-3)=0
This would indicate two solutions. However, note that x = —1/2 is an extraerroeous

answer, as it makes some rational expressions in the original equation undefined. Hence,
x = 3 is the only solution. Note that this agrees with the graphical solution above.

39. Set
T n 3 8
r—2 x+2 4-—22

=0

and load the left-hand side into Y1, as shown in (a). Use the zero finding utility in the
CALC menu to determine the zero, as shown in (b).

Flakl Flakz Flok=
R i vl A, JPOY
N S PR Y L k

HITIE: e —)y |}

; Y

~Hu=l

whE= ZeFo Zera

~NE= n="Y4,ER1EE: 1YV=0 n= - HEANYAE 1Y=0
(a) (b) (c)
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The equation and graph indicate vertical asymptotes at * = —2 and =z = 2. The
following tables indicate the presence of a horizontal asymptote y = 1.

& Y & Y
10 Eyig? 10 1.5
-10p | ‘BEqGER 100 1.0E0E
- L 1.00E

= =
(d) (e)

(-5-vID/20) N\ [BHVIN/20
T=-2 ' 'x:2

First, make a sign change, negating two parts of the last rational expression on the
right-hand side of the equation.
x + 3 -8
r—2 x+2 x2-4

(1)

To solve the equation algebraically, multiply both sides of the equation by the common
denominator (z + 2)(x — 2).
T n 3 _ -8
r—2 x+4+2 (v+2)(x—2)
T 3 -8
(x+2)(x—2) [33—2 + x—l—Q] = [(334—2)(1;—2)] (x+2)(x—2)
x(x+2)+3(x—-2)=-8

Expand, simplify, then make one side zero and factor.
2® +27+ 3z — 6= -8
2’ +57—6=-8

2® —5x+2=0
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Let’s use the quadratic formula.

_ 5B 42 _ 5 VIT

2(1) 2

x

To compare these exact solutions to the approximate solutions found by graphical
analysis above, use your calculator to find decimal approximations, as shown in (f) and
(g) below.

(el I i e e (e N I e
. -4, 23613252813 b -« 43534471872

() (2)

41. The least common denominator (LCD) is z(3z —9), so multiply both sides of the
equation by the LCD to obtain

22— 93z —9) =3z

Then solve this quadratic equation either by factoring or by using the quadratic formula
to obtain the solutions 27 and 3. However, 3 causes division by zero when substituted
for z in the original equation. Therefore, 27 is the only valid solution.

43. The least common denominator (LCD) is z(2z +4), so multiply both sides of the
equation by the LCD to obtain

622 — 72z +4) = —x

Then solve this quadratic equation either by factoring or by using the quadratic formula
to obtain the solutions % and —%. Since each of these values does not cause division
by zero in the original equation, they are both valid solutions.

45. The least common denominator (LCD) is (x—5)(z—4). However, the denominator
of the second term is 4 — z, so first rewrite the left side by negating the numerator and
denominator of the second term:

T 9 r+95

r—5 x—4 22— 971+ 20

Then clear fractions by multiplying both sides of the equation by the LCD to obtain
the equation

z(r—4)—-9(x—-5)=x+5

Then simplify this quadratic equation to standard form:
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2% — 14z +40 =0

Finally, solve this quadratic equation either by factoring or by using the quadratic
formula to obtain the solutions 10 and 4. However, 4 causes division by zero when
substituted for x in the original equation. Therefore, 10 is the only valid solution.

47. The least common denominator (LCD) is (x—4)(z—2). However, the denominator
of the second term is 2 — x, so first rewrite the left side by negating the numerator and
denominator of the second term:

2z 5 _ T+ 8
r—4 x—2 22—6x+8

Then clear fractions by multiplying both sides of the equation by the LCD to obtain
the equation

2x(x —2)—5(x—4)=x+8
Then simplify this quadratic equation to standard form:
202 — 10z + 12 =0

Finally, solve this quadratic equation either by factoring or by using the quadratic
formula to obtain the solutions 3 and 2. However, 2 causes division by zero when
substituted for x in the original equation. Therefore, 3 is the only valid solution.

49. The least common denominator (LCD) is z(2x + 2), so multiply both sides of the
equation by the LCD to obtain

—2? — 62z +2) = —4x

Then solve this quadratic equation either by factoring or by using the quadratic formula
to obtain the solutions —6 and —2. Since each of these values does not cause division
by zero in the original equation, they are both valid solutions.

51. The least common denominator (LCD) is (z+5)(z—6). However, the denominator
of the second term is 6 — x, so first rewrite the left side by negating the numerator and
denominator of the second term:

2z 2 T —2

ac—|—5+a:—67x2—x—30

Then clear fractions by multiplying both sides of the equation by the LCD to obtain
the equation

2x(z —6)+2(x +5)=x—2
Then simplify this quadratic equation to standard form:

2202 — 11z +12=10
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Finally, solve this quadratic equation either by factoring or by using the quadratic
formula to obtain the solutions 4 and % Since each of these values does not cause
division by zero in the original equation, they are both valid solutions.

53. The least common denominator (LCD) is (z + 7)(z + 5), so first clear fractions
by multiplying both sides of the equation by the LCD to obtain the equation

z(rx+5)—2(x+T7)=x+1
Then simplify this quadratic equation to standard form:
2?42z -15=0

Finally, solve this quadratic equation either by factoring or by using the quadratic
formula to obtain the solutions 3 and —5. However, —5 causes division by zero when
substituted for x in the original equation. Therefore, 3 is the only valid solution.

55. The least common denominator (LCD) is x(3x +9), so multiply both sides of the
equation by the LCD to obtain

222 — 4(3x +9) = —6z

Then solve this quadratic equation either by factoring or by using the quadratic formula
to obtain the solutions 6 and —3. However, —3 causes division by zero when substituted
for x in the original equation. Therefore, 6 is the only valid solution.

57. The least common denominator (LCD) is x(2x — 8), so multiply both sides of the
equation by the LCD to obtain

2%+ 8(2x — 8) = 4z

Then solve this quadratic equation either by factoring or by using the quadratic formula
to obtain the solutions 4 and —16. However, 4 causes division by zero when substituted
for x in the original equation. Therefore, —16 is the only valid solution.

59. The least common denominator (LCD) is x(2x +4), so multiply both sides of the
equation by the LCD to obtain

202 4+ 2(22 +4) = —52

Then solve this quadratic equation by using the quadratic formula to obtain the solu-
tions

-9+ V17 -9 - V17
— and ——
4 4
Since each of these values does not cause division by zero in the original equation, they
are both valid solutions.
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61. The least common denominator (LCD) is z(3z —9), so multiply both sides of the
equation by the LCD to obtain

—222 —3(3x —9) = —6z

Then solve this quadratic equation either by factoring or by using the quadratic formula
to obtain the solutions —g and 3. However, 3 causes division by zero when substituted

for x in the original equation. Therefore, —% is the only valid solution.

63. The least common denominator (LCD) is x(4x + 4), so multiply both sides of the
equation by the LCD to obtain

4® + 5(4r +4) =2

Then solve this quadratic equation by using the quadratic formula to obtain the solu-
tions

—19+ v41 —19 — V41

3 and 3

Since each of these values does not cause division by zero in the original equation, they
are both valid solutions.

65. The least common denominator (LCD) is (8 — 2), so multiply both sides of the
equation by the LCD to obtain

—92% +2(82 — 2) = —4x

Then solve this quadratic equation either by factoring or by using the quadratic formula
to obtain the solutions % and 2. Since each of these values does not cause division by

zero in the original equation, they are both valid solutions.

67. The least common denominator (LCD) is (z+6)(z—7). However, the denominator
of the second term is 7 — x, so first rewrite the left side by negating the numerator and
denominator of the second term:

4x 5 r—5

x+6+x—7_a:2—x—42

Then clear fractions by multiplying both sides of the equation by the LCD to obtain
the equation

dx(x —T)+5(x+6)=2—5
Then simplify this quadratic equation to standard form:
4r* — 247 + 35 =0

Finally, solve this quadratic equation either by factoring or by using the quadratic
formula to obtain the solutions % and % Since each of these values does not cause
division by zero in the original equation, they are both valid solutions.
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7.8 FExercises

1. The sum of the reciprocals of two
consecutive odd integers is —%. Find
the two numbers.

2. The sum of the reciprocals of two
consecutive odd integers is 12785. Find the
two numbers.

3. The sum of the reciprocals of two
consecutive integers is —%. Find the two
numbers.

4. The sum of a number and its recip-
rocal is %. Find the number(s).

5. The sum of the reciprocals of two
consecutive even integers is . Find the

12
two numbers.

6. The sum of the reciprocals of two
consecutive integers is %. Find the two

9
numbers.

7. The sum of a number and twice its
reciprocal is 3. Find the number(s).

8. The sum of a number and its recip-
rocal is 3. Find the number(s).

9. The sum of the reciprocals of two
consecutive even integers is %. Find the
two numbers.

10. The sum of a number and twice its
reciprocal is %. Find the number(s).

11. The sum of the reciprocals of two
numbers is 15/8, and the second number
is 2 larger than the first. Find the two
numbers.

12. The sum of the reciprocals of two
numbers is 16/15, and the second num-
ber is 1 larger than the first. Find the
two numbers.

13. Moira can paddle her kayak at a
speed of 2 mph in still water. She pad-
dles 3 miles upstream against the cur-
rent and then returns to the starting lo-
cation. The total time of the trip is 9
hours. What is the speed (in mph) of
the current? Round your answer to the
nearest hundredth.

14. Boris is kayaking in a river with a 6
mph current. Suppose that he can kayak
4 miles upstream in the same amount of
time as it takes him to kayak 9 miles
downstream. Find the speed (mph) of
Boris’s kayak in still water.

15. Jacob can paddle his kayak at a
speed of 6 mph in still water. He pad-
dles 5 miles upstream against the cur-
rent and then returns to the starting lo-
cation. The total time of the trip is 5
hours. What is the speed (in mph) of
the current? Round your answer to the
nearest hundredth.

16. Boris can paddle his kayak at a speed
of 6 mph in still water. If he can paddle
5 miles upstream in the same amount of
time as it takes his to paddle 9 miles
downstream, what is the speed of the
current?

! Copyrighted material. See: http://msenux.redwoods.edu/Int AlgText/
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17. Jacob is canoeing in a river with a
5 mph current. Suppose that he can ca-
noe 4 miles upstream in the same amount
of time as it takes him to canoe 8 miles
downstream. Find the speed (mph) of
Jacob’s canoe in still water.

18. The speed of a freight train is 16
mph slower than the speed of a passenger
train. The passenger train travels 518
miles in the same time that the freight
train travels 406 miles. Find the speed
of the freight train.

19. The speed of a freight train is 20
mph slower than the speed of a passenger
train. The passenger train travels 440
miles in the same time that the freight
train travels 280 miles. Find the speed
of the freight train.

20. Emily can paddle her canoe at a
speed of 2 mph in still water. She pad-
dles 5 miles upstream against the cur-
rent and then returns to the starting lo-
cation. The total time of the trip is 6
hours. What is the speed (in mph) of
the current? Round your answer to the
nearest hundredth.

21. Jacob is canoeing in a river with a
2 mph current. Suppose that he can ca-
noe 2 miles upstream in the same amount
of time as it takes him to canoe 5 miles
downstream. Find the speed (mph) of
Jacob’s canoe in still water.

22. Moira can paddle her kayak at a
speed of 2 mph in still water. If she
can paddle 4 miles upstream in the same
amount of time as it takes her to paddle
8 miles downstream, what is the speed of
the current?

Version: Fall 2007

23. Boris can paddle his kayak at a speed
of 6 mph in still water. If he can paddle
5 miles upstream in the same amount of
time as it takes his to paddle 10 miles
downstream, what is the speed of the
current?

24. The speed of a freight train is 19
mph slower than the speed of a passenger
train. The passenger train travels 544
miles in the same time that the freight
train travels 392 miles. Find the speed
of the freight train.

25. It takes Jean 15 hours longer to
complete an inventory report than it takes
Sanjay. If they work together, it takes
them 10 hours. How many hours would
it take Sanjay if he worked alone?

26. Jean can paint a room in 5 hours.
It takes Amelie 10 hours to paint the
same room. How many hours will it take
if they work together?

27. It takes Amelie 18 hours longer to
complete an inventory report than it takes
Jean. If they work together, it takes
them 12 hours. How many hours would
it take Jean if she worked alone?

28. Sanjay can paint a room in 5 hours.
It takes Amelie 9 hours to paint the same
room. How many hours will it take if
they work together?

29. It takes Ricardo 12 hours longer
to complete an inventory report than it
takes Sanjay. If they work together, it
takes them 8 hours. How many hours
would it take Sanjay if he worked alone?
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30. Tt takes Ricardo 8 hours longer to

complete an inventory report than it takes
Amelie. If they work together, it takes

them 3 hours. How many hours would it

take Amelie if she worked alone?

31. Jean can paint a room in 4 hours.
It takes Sanjay 7 hours to paint the same
room. How many hours will it take if
they work together?

32. Amelie can paint a room in 5 hours.
It takes Sanjay 9 hours to paint the same
room. How many hours will it take if
they work together?
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7.8 Solutions

1. Start with the equation
1 1 16

T + T+2 T 63
Multiply both sides by the LCD 63z(z + 2):

63(z +2) + 63z = —16x(z + 2)
Simplify to obtain
1262 + 126 = —162% — 32z

This quadratic equation has one integer solution x = —9, and the second number is
—9+2=-T.

3. Start with the equation
1 1 19

T * r+1 T 90
Multiply both sides by the LCD 90z(x + 1):

90(x + 1)+ 90z = —19z(z + 1)
Simplify to obtain
180x + 90 = —1922 — 192

This quadratic equation has one integer solution x = —10, and the second number is
—-10+1=-9.

5. Start with the equation
1 1 5

PR AT
Multiply both sides by the LCD 12z(z + 2):

12(x 4 2) 4+ 122 = 5z(z + 2)
Simplify to obtain
24x + 24 = 52° + 10z

This quadratic equation has one integer solution z = 4, and the second number is
442 =6.
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7. Start with the equation

1 9
T+ 2 (w) = 2
Multiply both sides by the LCD 2x:
222 +4 =9z
Solve this quadratic equation to get x = %, 4.

9. Start with the equation
1 1 11

x + T +2 ~ 60
Multiply both sides by the LCD 60z(z + 2):

60(z + 2) + 60z = 1lz(xz + 2)
Simplify to obtain
120 4 120 = 1122 4 222

This quadratic equation has one integer solution x = 10, and the second number is
10+2=12.

11. Start with the equation
1 15

r+2 8

1
x
Multiply both sides by the LCD 8z(x + 2):
8(z +2) 4+ 8z = 15z(z + 2)
Simplify to obtain

16x + 16 = 152% + 30z

Solve this quadratic equation to get z = %, %8. For x = %, the other number is
r+2= %+2: %; and, for x = %8, the other number is x + 2 = %84—2: % Thus,
the possible pairs of numbers are {%, %} and {%8, % )
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13. Let t7 represent the time it takes for the upstream part of the trip, and 9 represent
the time it takes for the downstream part of the trip. Thus,

t1 +to = 9 hours

Also, let ¢ represent the speed of the current. Then the actual speed of the boat going
upstream is 2 — ¢, and the speed downstream is 2 + c¢. Using the relationship

distance = rate - time,
this leads to the following two equations:

Trip upstream: 3 = (2 — ¢)t;
Trip downstream: 3 = (2 + ¢)t

Solving for the time variable in each equation, it follows that

3 3
t1: and t2:
2—c 24c
Therefore,
9=t +t —i+ 5
o 2T o ¢ 2+c
Now solve this rational equation for c:
3 3
9= — 9(2—-c¢)(2 =3(2 3(2 —
2—c+2—|—c = 9(2—¢)(2+¢) (24+¢)+3(2—-¢)

— 36 — 9¢% = 12

— 92 =24

8
— =4 —
¢ \/;

Discarding the negative answer, the speed of the current is ~ 1.63 mph.

15. Let t; represent the time it takes for the upstream part of the trip, and 9 represent
the time it takes for the downstream part of the trip. Thus,

t1 4+ to = 5 hours

Also, let ¢ represent the speed of the current. Then the actual speed of the boat going
upstream is 6 — ¢, and the speed downstream is 6 + ¢. Using the relationship

distance = rate - time,
this leads to the following two equations:

Trip upstream: 5 = (6 — ¢)ty
Trip downstream: 5 = (6 + ¢)t2
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Solving for the time variable in each equation, it follows that

t > d t >
= an =
T 6—c > 6+c
Therefore,

d=11+1t2= 5 + >

T T e e T 6+
Now solve this rational equation for c:
5 5
5—6_c+67+6:>5(6*0)(64‘0)—5(6+C)+5(6*C)

= 180 — 5¢% = 60
— 5¢2 =120

== c=+VvV24

Discarding the negative answer, the speed of the current is ~ 4.90 mph.

17. Let t represent the time it takes for each part of the trip, and let r represent the
speed of the boat in still water. Then the actual speed of the boat going downstream
is r + 5, and the speed upstream is » — 5. Using the relationship

distance = rate - time,
this leads to the following two equations:

Trip downstream: 8 = (r + 5)t
Trip upstream: 4 = (r — 5)t

Solving for ¢ in each equation, it follows that

8 i 4
r+5  r—5
Now solve this rational equation for r:
8 4
= — 8(r—5)=4 5
r+5 r—5 (r=35)=4(r+5)

= 4r =60

— r =15 mph
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19. Let ¢ represent the time it takes for each trip, and let r represent the speed of the
freight train. Then the speed of the passenger train is r 4+ 20. Using the relationship

distance = rate - time,
this leads to the following two equations:

Freight train: 280 = rt
Passenger train: 440 = (r 4 20)t

Solving for t in each equation, it follows that

280—t— 440
r r+20

Now solve this rational equation for r:

280 440
r o r+20

— 280(r + 20) = 440r

= 5600 = 160r

= r =35 mph

21. Let t represent the time it takes for each part of the trip, and let r represent the
speed of the boat in still water. Then the actual speed of the boat going downstream
is r + 2, and the speed upstream is r — 2. Using the relationship

distance = rate - time,
this leads to the following two equations:

Trip downstream: 5 = (r + 2)t
Trip upstream: 2 = (r — 2)t

Solving for ¢ in each equation, it follows that

5 g 2
r+2  r—2
Now solve this rational equation for r:
5 2
= -2)=2 2
i Rl = 5(r —2) (r+2)
= 3r=14
14
:>r:?mph
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23. Let t represent the time it takes for each part of the trip, and let ¢ represent the
speed of the current. Then the actual speed of the boat going downstream is 6 4 ¢, and
the speed upstream is 6 — c¢. Using the relationship

distance = rate - time,
this leads to the following two equations:
Trip downstream: 10 = (6 + ¢)t
Trip upstream: 5 = (6 — ¢)t

Solving for ¢ in each equation, it follows that

10 . 5
6+c  6-—c
Now solve this rational equation for r:
10 )
10(6 — ¢) =
61¢ 6-c = 10(6 —c¢) = 5(6 +¢)

= 30 = 15¢
—> ¢ =2 mph
25. Let t represent the unknown time, r represent Jean’s rate (reports/hour), and s
represent Sanjay’s rate. Using the relationship
work = rate - time,
this leads to the following three equations:
Jean: 1 =r(t +15)
Sanjay: 1 = st
together: 1 = (r +s) 10

Solve for r and s in the first two equations, and then plug those values into the third

equation to obtain
1 1
1
<t + 15 + ) 0

Now solve this rational equation for t:

1
—_ 1 t(t+15) =10t +10(¢t + 1
<t+15+>oz>(+5) Ot + 10(t + 15)

= t? 4+ 15t = 20t + 150
— t2-5t—150=0
= (t—15)(t+10)=0
— t = 15 hours
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27. Let t represent the unknown time, r represent Amelie’s rate (reports/hour), and
s represent Jean’s rate. Using the relationship

work = rate - time,
this leads to the following three equations:

Amelie: 1 =r(t+ 18)
Jean: 1 = st

together: 1 = (r + s) 12

Solve for r and s in the first two equations, and then plug those values into the third

equation to obtain
! —I— ! 12
t+18

Now solve this rational equation for ¢:

1 1
—_ 12 = t(t+18) =12t + 12(t + 18
N ——

= % + 18t = 24t + 216
= t*—6t—216=0
= (t—18)(t+12)=0
—> t =18 hours
29. Let t represent the unknown time, r represent Ricardo’s rate (reports/hour), and
s represent Sanjay’s rate. Using the relationship
work = rate - time,
this leads to the following three equations:
Ricardo: 1 =r(t+12)
Sanjay: 1 = st
together: 1 = (r +s)8

Solve for r and s in the first two equations, and then plug those values into the third

equation to obtain
1 + 1 8
t+12
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Now solve this rational equation for t:

1 1
l=(—5+- t(t +12) =8t + 8(t + 12
<t+12+t)8:> (t+12) = 8t + 8(t + 12)

— 2 + 12t = 16t + 96
— -4 —-96=0
— (t—12)(t+8) =0
— t =12 hours

31. Let ¢ represent the unknown time, r represent Jean’s rate (rooms/hour), and s
represent Sanjay’s rate. Using the relationship

work = rate - time,
this leads to the following three equations:

Jean: 1 =4r
Sanjay: 1 =7Ts
together: 1 = (r+s)t

Solve for r and s in the first two equations, and then plug those values into the third

equation to obtain
1 1
==+t
(1+7)

Now solve this rational equation for ¢:

1= 1+1 t —= 1= 11 t:>t—28h
“\177 — 28 T owe
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